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The theory of solution for quantum field functional equations is developed for a suitable
testproblem of quantum mechanics. In Sect. 1 the anharmonic oscillator is described in a field
theoretic fashion. In Sect. 2 its functional equations are derived and in Sect. 3 these equations
are symmetrized due to physical conditions. In Sect. 4, 5 the expansion of the physical functionals
into series of base functionals is discussed and a convenient notation for the operator representa-
tion is introduced. In Sect. 6 the representation of the functional equation for an expansion into
Dyson base functionals is given. In Sect. 7 and 8 functionals are approximated by expansions
with only a finite number of terms and the resulting equations are prepared for integration. In
Sect. 9, 10 the integration of the resulting equations for N = 2 and N = 4 is discussed in detail
so that one finally obtains eigenvalue equations which contain only integrals to be solved. In

the appendices technical details are derived.

In nonlinear spinor theory the dynamical be-
haviour of elementary particles can be described by
functionals of field operators in a Heisenberg re-
presentation and corresponding functional equa-
tions1:2:3. To obtain the physical information, it is
necessary to solve the functional equations without
perturbation theory, i.e. for the strong coupling
case. Therefore a theory of solution for these equa-
tions has to be developed. As has been discussed in
previous papers, the anharmonic oscillator is a
suitable test problem for the investigation of strong
coupling functional equations 2:4,5:6, First results
about the solution procedure in the one time limit
of the functional equation for this simple system
have been given®. But to obtain a complete func-
tional analogy between the test system and non-
linear spinor theory the investigation of the many
time functional equations is required?:3. This prob-
lem is attacked now in this paper. The general idea
for the solution procedure is the use of an expansion
of the physical functionals into series of suitably
chosen base functionals and to approximate the
exact infinite series by series with a finite number
of terms. The general theory then requires the proof
of convergence for this procedure and the explicit
calculation of the approximate functionals. Only
the second problem is discussed in this paper. As has
been shown in® the approximation procedure can
be performed either in symmetrical or in unsym-
metrical functional operator representations. Al-
1 W. HEISENBERG. An Introduction to the Unified theory

of Elementary Particles, Wiley and Sons, London 1967.
2 H. RampacuiRr, H. Stumpr and F. WAGNER, Fortschr.

Phys. 13, 385 [1965].

3 H. P. Dtrr and F. WAGNER, Nuovo Cim. (X) 46, 223
[1966].

though the first possibility seems to be more prom-
ising from a general mathematical point of view6
the second possibility of working with an unsym-
metrical representation leads to the usual field
theoretic matrix formalism. To maintain the con-
nection with former field theoretic calculations we
choose the unsymmetrical representation but we
emphasize that the solution procedure discussed
here can be applied equally well to the symmetrical
representation. Furthermore we want to emphasize
that this procedure can be applied without any
modification to nonlinear spinor theory i.e. a rela-
tivistic field theory. One has still the choice to work
in the ¢-representation (corresponding to relativistic
scalar fields)or in the p-g-representation (correspond-
ing to relativistic spinor fields)2 6. For convenience
we use the g-representation. Again its solution
procedure can be applied equally well to the p-q-
representation. We develop the solution procedure
for the states of even parity (corresponding to boson
states) up to the point where numerical calculations
can be performed. The solution procedure for states
of odd parity (corresponding to fermion states) runs
completely analogous. Numerical values are only
given for the lowest approximation in Sect. 9. As
for higher approximations the numerical effort
increases considerably, we do not try to give for
these approximations numerical values too. This
will be done in special papers, some of which are
already in preparation.

4 W. HEISENBERG, Nachr. Gott. Akad. Wiss. 1953, 111.
5 H. Stumpr, F. WaeNER and F. WanL, Z. Naturforschg.

19a. 1254 [1964].

6 D. Matsox and H. Stumpr, Z. Naturforschg. 21a, 1829
[1966].
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FUNCTIONAL CALCULUS FOR THE ANHARMONIC OSCILLATOR

1. Field Theoretic Representation

We consider the anharmonic oscillator as a simple
field theoretic model. Therefore we formulate its
basic quantum mechanical relations in the way of
quantum field theory. The equations of motion are

qg)y=p@), p@t)=—4q) (1.1)
with the commutation relation
[p(#),q@®)]=—41.

The stationary states of the anharmonic oscillator
i.e. the eigenstates of the time translational operator
H are a complete system of the corresponding
H1LBERT space and admit the representation

(1.2)

Fo| = 2 on(@)<Fn| (6=0,...,00) (1.3)

n=0
with the base vectors
(Fa|:=<0|g"(0)

(0| being the physical ground state normed to
unity. As has been proven in7 the expansion states
(1.4) are also complete but not orthogonal. Then
it is convenient to introduce a second system of
base vectors, called the reciprocal base system, to
formulate the HILBERT space norm. This system
is defined by

(n=0,...,00). (1.4)

(Fn|Bi) = Onk (1.5)

and the eigenstates (1.3) have to admit an equal

representation by the expansion

|Pe> = > o) | Ry - (1.6)
=0

We get the scalar product between the two states
according to (1.5) as

P I Yoy = Z on(0) Ta(0) - (1.7)
n=0

For the actual construction of the states |¥,> one
has to calculate the expansion coefficients either of
(1.3) or of (1.6) given by the projections

Fe| By = ai(o) (L.8)
or (Fu| o> = 0] q"(0)| ¥ = 7o) - (1.9)
The two sets of expansion coefficients are not

independent from another. They are related by a

7 F. WAGNER, Thesis, University of Munich 1966.
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system of algebraic equations. To derive them we
consider

7, (0) = (¥, |q"(0)| 0}

which is a consequence of the HERMITEAN property
of the g-operator. Then with the definition

(1.10)

| Fx>: = ¢*(0)| 0) (1.11)

we obtain from (1.3)
7 (0) = 2 on(0) {Fn| Fi) (1.12)

n=0

being an infinite system of algebraic equations for
the calculation of the expansion (1.3) if the recipro-
cal expansion (1.6) is known.

2. Functional Representation

In the preceding section we discussed the field
theoretic version of the anharmonic oscillator. Now
we turn to the calculational problem, i.e. the cal-
culation of stationary states and norms. In this
paper we discuss only states. The states are known
if their expansion functions either of the expansion
(1.3) or of the expansion (1.6) are explicitly given.
To maintain the full analogy to quantum field
theory, especially to nonlinear spinor theory, we
ignore the possibility of state calculations in the
SCHRODINGER picture but try to calculate the set of
7-coefficients of (1.6). In order to do this we observe
that the 7,(p)-values are limiting values of the
many-time 7-functions.

To(ty...tn): = 0| Tq(tr) ... q(tn) | Po

where 7' means time ordering. Then we have accord-
ing to the definition of the 7'-product

2.1)

Tn(0) = lim 7, (t1 ... tn) . (2.2)

1> >ty—>0

Therefore the states | ¥,) can also be characterized
by the many-time z-functions (2.1). It is this feature
which completes the analogy to relativistic quantum
field theory. In the following we therefore try to
calculate the many-time functions (2.1) although
they contain superfluous information. For their
calculation we introduce an auxiliary space, the
so-called functional space, where the set of 7-func-
tions is represented by a functional in the following
form

k) F ot ... tg,g) dey ... deg. (2.3)
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The base functionals in the expansion (2.3) are
defined by

ik, .
Fty...tg,7): = 577 (t1) .. 7 (tr)

with classical source functions j(t). Observing (2.3),
(2.4) and the definition (2.1) the functional (2.3)
may also be written as

Z,(j) =<0| i Texp [q(t)j(t)

For functionals one is able to define a functional
differentiation and a functional integration8:9.
Especially by the differentiation operation one can
derive from the dynamical equations of Section 1
and of (2.5) a functional equation characterizing
T,(j). For details of its derivation we refer to
Appendix I. One obtains

a6 a8 ) ,
@ oy Teli) = (7(0,—677[)-)1@(7) (2.6)

)
U (. éy‘(t)) 0

(2.4)

dt|¥P,>.  (25)

with i, @)

Additionally for stationary physical functionals the
necessary subsidiary condition

1305 577 & Teli) = —

has to be satisfied 6. Both equations are the starting
point of our calculational process in the following.

1w To(j) (2.8)

3. Symmetrized functional equations

As it is our opinion that the problems in quantum
field theory can only be solved appropriately by
using the methods of integral equations we just
change the differential equation (2.6) into an integral
equation. It is convenient to introduce normal
ordering of the interaction term by adding on both
sides of (2.6) a contraction term 2 resulting in

d2 ; ; :

[‘d‘ﬁ 4 3F(0)]755%i9(7) = N(? (t)q,f(j)-) o(7) (3.1)
with

¥ (i 5): = U (10, 575) + 3FO0) 575 32

where F(0) is the vacuum expectation value of ¢2.
Defining the FEYNMAN-GREEN function for (3.1) by

d2
[w 43 F(O)]G(t )y =d(t—t) (33)

8Y.V.NovozaiLov and A.V.TurLus, The Method of
Functionals in the Quantum Theory of Fields, Gordon
and Breach, New York 1961.
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from (3.1) follows by application of G the functional
equation

o 5\
it T =[6( t—t)N<7(t I —6—7.—(—,))dt o (). (3.4)

But still Eq. (3.4) is not satisfactory because for
every 7-function in configurational space there are
several separated integral equations, which do not
reflect the symmetry properties of these functions.
It is necessary to combine these equations in such
a way that the resulting equations have only sym-
metric operators in all arguments. The first approach
in this direction was done by MATTHEWwWs and
SaLam!0. Later on DURR and WaGNER3 demon-
strated that the MATTHEWS-SALAM equation is only
a special linear combination formed from all possible
symmetrical equations in configurational space.
Thus it remains open which linear combination is
the most advantageous one. A formal prescription
has already been given in? for the differential form
of the functional equation. Here we modify this
description for the integral form of the functional
equation and show that this equation has the same
manifold of solutions as the original Eq. (3.4),
provided that the solutions are symmetrical in all
arguments. We propose the following equation

[0 57 % T )
= [jG@t—v N(y(t’) 67(t))dtdtzg()

By means of the calculus developed in the next
sections it can easily be seen that (3.5) only implies
completely symmetrical operations in configuratio-
nal space. So (3.5) has the desired properties. To
replace (3.4) by (3.5) we only have to show that all
solutions of (3.5) are solutions of (3.4) and that also
the symmetrical solutions of (3.4) satisfy (3.5). First
it is clear that (3.4) has at least the physical solu-
tions, following by direct construction from the
Schrodinger amplitudes whose existence is secured.
Then each physical solution of (3.4) satisfies (3.5)
automatically because (3.5) results from a linear
combination of (3.4). Therefore in this direction the
transition from (3.4) to (3.5) does not cause any
difficulty for the physical solutions. If one supposes
on the other hand to have a solution of (3.5) being

(3.5)

9 I. FriepricHs and A. SHAPIRO, Seminar on Integration
of Functionals, New York University 1957.

10 P T. MartHEWS and A. SaLaM, Proc. Roy. Soc. London
A 221, 128 [1954].
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regular at the origin in functional space, i.e. having
a power expansion solution like (2.3) and denotes
this solution by Ts(j); then one may insert this
solution into (3.4). This gives

) ; . s b
BET_IG“_”)NVULEUW

where 3 (¢, j) has to have the form

Jar | zs() = 8t.)
(3.6)

oo

— Zfzn(t,tl...t,,)F(tl
n=1

ctn, ) dey ... dty
(3.7)

following from the properties of ¥Ts(j) and of the
operator on the lefthand side of (3.6). Then by
multiplying (3.6) with j(f) and integrating over ¢
from (3.6) (3.5) results and because Ts(j) is sup-
posed to be a solution of (3.5) we have

[i) 3, )dt=0. (3.8)

Now in our entire calculus we may use an arbitrary
but square summable j(¢). As (3.8) is valid for any
7 (t) satisfying this condition we therefore conclude
3(t,7) = 0. This, however, means that Tg(j)
simultaneously satisfies (3.5) and (3.4). Thus all
solutions of (3.5) admitting a power series ex-
pansion like (2.3) are automatically solutions of
(3.4) too. Therefore we are allowed to use the sym-
metrized equation (3.5) instead of (3.4). Naturally
the physical solutions of (3.5) still have to satisfy
(2.8). But this equation has already the desired
symmetrical form so that we do not have to
symmetrize it further.

4. Functional Expansions

The first point of interest in our functional for-
mulation is the investigation of the possibility of
different expansions for ¥ (7). These expansions will
be important when one looks for the best way of
representing a given functional approximately, i.e.
by only a finite number of expansion terms, this

1 ot

W0j(t) ... 0(t) Fit,

) L
..tk,7)|j=0:61k—k!—PZcS(t1 —t;.l)...
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being inevitable for practical calculations. Then it
is a crucial question which expansion is the best one
for such a truncated description. Since in the one-
time limit a norm of ¥, (j) exists?, one should think
that in analogy to ordinary analysis the most suitable
expansions are those with orthonormalized base
functionals; as is well known normalizable functions
are optimally approximated by orthonormalized
base functions. A step in this direction is the intro-
duction of the base functionals

D(ty...tn,]): (4.1)
=F(t1...taj) exp{—} [§(&) F (& — n)j(n) dsdn}

which under certain conditions on F(&—mn) are
normalizable but not orthogonal. Then we assume
o(7) to have the expansion

Zf%

In order to calculate the set of t-functions Dysox
was the first to introduce this set of expansion func-
tionals. Therefore we call the base functionals (4.1)
the Dyson base functionals. There are still other
expansion functionals possible to define e.g. the
famous orthonormalized HERMITEAN functionals®.
About their application for the present problem
another paper is in preparation 11 so that we do not
discuss them here.

In using different representations of F,(j) it is
desirable to rewrite the expansion coefficients of one
representation in terms of those of another re-
presentation. According to functional analysis this
should be done by the formation of scalar products
between the different base functionals, i.e. in this
case by functional integration® From historical
reasons in quantum field theory another procedure
is used, namely the comparison of equal power
coefficients in j(f), because it is assumed that all
physical functionals allow a power series expansion
like (2.3). In practice such a power series comparison
can be achieved by use of the formula

L tg)D(ty ... tgg)dty ... dEg . (4.2)

B(t —ts,).- (4.3)

Ao dg=1

This equation looks like an orthonormality relation and we use this analogy to formulate all functional
operations by the notation of functional analysis, because this notation preserves the base invariant
description of operator relations as will be shown in the following.

11 D. MaisoN, Thesis, University of Munich, in preparation.
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Therefore we replace formally the operator on the left side of (4.3) by a functional scalar product

s g 1 ot

JRO -t )b N = g9
As the functionals F(t;...t,, j) are neither normalizable nor orthogonal the R-set cannot be identical with
the F-set, but has to be a rather pathological functional set, if one would try to construct it explicitly 12.
This construction is not necessary because in the following we always use the R-set in connection with
the symbol of functional integration, i.e. only the formula (4.3). So we have no trouble with the existence
problem of the R-set. But we emphasize, that by a more suitable choice of base functionals the formation
of scalar prcducts in functional space becomes a well defined operation®. Keeping this in mind we believe
that the substitution (4.4) elucidates the mathematical meaning of our operations. Applying now (4.3)
respectively (4.4) on T,(j) we then get

TR t1, ) To () df = To(tr ... 1) (4.5)

F(tl...tk,]')lj:(). (4.4)

and Tp(t ZI(;DQ ...tk')fR(tl...tl,j)D(tll...tk', 7)dty" ... deg" dj (4.6)

as the transformation rule between the two sets of expansion coefficients of (2.3) and (4.2). (4.6) becomes
the Wick rule if one identifies F (£ —#) with the two point function <0|7'¢(£)g(n)|0) i.e. we reproduce
by this operation field theoretic results. By the same arguments as used in the foregoing, formally a
reciprocal set for the Dysox base functionals can be constructed from the R-set. Defining it formally by

S(tr...tn,]): = R(tr...tu, ) exp {} [ () F (£ — )] (n) dé dn} (4.7)
one easily verifies by observing (4.3) and (4.1)
- L s ,
IS 4, 9) Dty ...tk,])d]=6kl k!‘PZ(s(tl —th)...é(tk —t;,) (4.8)
A dp=1
and from this follows
ISt ) To()dj = @oltr ... 1) (4.9)
and goltr...t) =2 [To(tr' ... t&') [SCr...ti, DF(t1' ... Uk, j)dty’ ... dty" dj (4.10)
k=1

as the inverse transformation rule to (4.6). Also this inversion of the Wick rule is known in field theory.

5. Functional Operator Representation

To make plain the meaning of the different expansions in Sect. 4 we give in this section a systematic
treatment of functional operators. We have already used functional operators in differential form in the
preceding sections. But for a systematic treatment it is convenient to change all operators in integral
operators. In order to do this first of all we consider a general set of base functionals B(f;...ty, j) and its
reciprocal set 7'(t;...tx, j) satisfying the relations

[T@...ta ) Bty ... 8, Ndj = On -, PZ& U —t) . 0t —ty) . (5.1)
wdn=1

Then we define the integral representation of an operator in the functional space of the B- and 7-sets by

ZfB cE DO E ) Ty .ma, §)dEr .. dEgdayy ... o (5.2)
k,i=1
12 In ordinary function space the set of az"/n! (n = 0, 1, ..., o) corresponds to the F-set. Its reciprocal system

7k (x) is given by 0()(x) i.e. by distributions.
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with
Of (é1. =[TE

The unity operator in this space is glven by

0(3, i) =2 [BEr...& »j
k=1

kM.

PZ& 51—7711) .

D de=1

and for the state functionals we assume the ex-
pansion

)= Z Iba (&1
k=1

.d&.
(5.5)

&) B(&y...Ex, ) A&y ..

For this representation the following multiplication
rules are valid

Jou.i" PG, D" = Q] (5.6)
fou.nTGdi =R0G), (5.7)
JoU. TG =Z(). (5.8)

(5.6) means operator multiplication, (5.7) a general
state equation and (5.8) the effect of the unity
operator. We now introduce some abbreviations, i.e.
we write the functional calculus symbolically in
analogy to vector analysis. In vector analysis the
reciprocal system is denoted by upper labels
whereas the original system has lower labels or vice
versa. Then we define

B(n1...mk,7) : = B(j)
T(¢1...8n,9): = B"(j)

and write the operators in the following' symbolic
notation

(5.9)

0(j,§') = 2, B(j) O Bi(j') (5.10)
ki
with O = [ Bk(j)0(j,§) Bi(j')djdj’.  (5.11)
The state functionals are written
Z(j) = 2 b% Bu(j) (5.12)
n
and (5.1) now reads
[ Bm(j) Bn(j) dj = &%, : =g~ (5.13)

In this notation we obtain for (5.6) by the use of

(5.13)
[0G,i")P(j", ) dj" = 2 Bi(j) Ok Py Bn(j)

k,m,n
(5.14)
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&k, )04, 7)) By ... ma, §')djdy’. (5.3)
6(5};—7]1,‘)7'(771 ..nk,j')dfl...dfkd‘ql...dnk (5.4)
with
O Pit:=[OF (v ... &k M1 pm)

X Pymi...qm,C1...Cn)dmy ... dym  (5.15)
and for (5.7)

oG, 7)) —ZBk ) OF bm
(5.16)

_23,
]

Multiplying (5.16) from the left by B7(j) and inte-
grating over j we obtain

D 0nbm = rn

m

(n=1,...,00).

(5.17)

Because we used initially differential operators it is
interesting to show their equivalence to integral
operators. We assume the following differential re-

presentation.
.0 . ;
0 (i, ) T(h = k().

For the transition to the integral representation we
multiply (5.18) by B (j), integrate over j, and sub-
stitute the unity operator (5.4) symbolically written

8(j,7") = 2, Bn(j) B"(j") (5.19)

(5.18)

according to the rules (5.16). Then we obtain for the
lefthand side of (5.18)

IMWO@iMUﬁMUMM
—ZIB"U)O(?, )Bm )dj [ Bm () Z(5)dj’

(5.20)

Remembering that the scalar product of Bm with
¥ and B with R just gives b™ respectively r7 (5.18)
goes over in the appropriate integral representation
(5.17) if we put
o . 0 .
0G.7):=0(i, ) 8G.7)  (5:21)

be definition. Using this definition for the calcula-
tion of the integral representation (5.2) and (5.3) of
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a differential operator O(j, d/0j) the equivalence of
both representations is secured.

The advantage of the integral representation ob-
viously stems from the fact that it is invariant
against the choice of special representations and that
one may apply due to the analogy with vector
analysis the apparatus of vector analysis in func-
tional space if necessary. For example we may define

me(7) By (j)dj = :gmn (5.22)

as metrical tensor of the base functionals By, (j) in
functional space for raising and lowering indices like

Omi = [ Bm(5)0(j,7) Bi(j")djdj’ = 3 gmr OF.
k
(5.23)

This possibility is of special importance because the
properties of functional operators can be obscured
by an unfortunate choice of the base functionals. An
example is provided by any selfadjoint operator 4
whose integral representation 4! is not symmetrical
as long as the reciprocal set is not identical with the
original set, i.e. as long as we do not use an ortho-
normalized set. On the other hand A4; is symmetric
even if the basic set is not orthomalized.

6. The Dyson Representation

As a first step towards the solution of the func-
tional Eq. (3.5) we expand T, (j) into a series of
Dysox functionals. As these base functionals are
normalizable at least in the one-time limit they

m
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cannot be completely wrong. Moreover this expan-
sion is of special interest as all calculations in non-
linear spinor theory have been done in this represen-
tation. When we write the functional T,(7) in the
symbolic notation 13

To(4) = 2 9% (0) D (j)

k=1

(6.1)

and denote the reciprocal system (4.7) by D!(j) the
operators of Eq. (3.5) are expanded in the Dy(7)
and D!(j) functionals, giving

: e 0 ; .
Af: = [DEG)j(O) 550 De(i)dtdj  (6.2)
and
Cf:=[Dr(j)j)G(t —¢) (6.3)
e o . 1.
X N (:)(t )s (5](t')) D;(j)dedt’' dj.
In this representation Eq. (3.5) then reads
2 (M —CHgle) =0 (k=1,...,00). (64)
=1

Of course, nothing prevents us from using the ope-
rators Ay and Ck; which do not lose their sym-
metry properties in the chosen representation. But
we treat (6.4) specially because (6.4) corresponds
exactly to the usual field theoretic representation.
After some lengthy calculations given in Appendix IT
which only use those properties of the Dy and D!
sets being mentioned in Section 4 we obtain the
explicit expressions

S (AP — M ete) = mom(ty...tm) + > [Gt, — @) pmealty, - e x ) da

l A1=1
m

+ 3> [K(t, t1,0) @ (s, -

(21, 22)=1
m

m
poa)doa + D h(t b)) gm—2(ty, ... 1),)

(6.5)
(41, 42)=1
m

+ 3Z.fH1 (t;'l ththa) ¢m‘2 (t;.4 tlml) dU. + ZHz(tht}-zt}-ath) (Pm—4(ti.5 t;'m)z 0

(A14243)=1
with the definitions

(A1424324) =1

h(ti1ts) : = sym [F(tl — o) + : G(h—fz)] ;

tite

K(titao): =sym Gty — o) F(ts — o),

tits

Hi(titatza) : = sym G (t; — o) F(ty — o) F(tz3 — o),

titats

(6.6)

Hy(t1talsty) : = symfG(tl — o) F(ts — o) F(tg — o) F(t4 — o) da

titatats

13 Usually in quantum field theory the DysoN expansion is written as a functional transformation T, (j) = @ (j)
exp[— %j- F -j] from the I,(j)-functional to the @, (j)-functional. But this description is dangerous, because by
a clumsy application of the transformation the functional operators can loose their selfadjount property.
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where ,,sym‘ means symmetrization in all indices and (4;...4x) means the sum over all possible combina-
tions of k elements out of m elements independently of their sequence. The functions G' and F are defined by
(3.3) and in Sect. 4. As all FEYNMAN integrals are to be calculated in momentum space it is still convenient
to perform a FOURIER transformation on (6.5). Denoting all FOURIER transforms with a tilde, we obtain
the FourIgr transformed Egs. (6.7) and (6.8).

mm(@r - am) + e lzfm)f«imz(qh s @i ENO)OE + 0+ & — ) dEdndl

+3 . S (K098 #m (@ 0 8(E + 0 + 0 dEdndl
272 o =1
+ Sh(gags) Pm-2(@s - 43) (6.7)

(21,22)=1

1 LW "
By > [H1(9:,9,9:8) @m—2(@s - - 03, 1) 6 (6 + ) dEdy
(A12223) =1

m o
+ 2> Ha(93,93,93.93) m—-a(@s - -- 03,) = 0

(A1222324) =1

with
Fla1): = 4| Fl@) + 1 G@dla+ @) = — @) dar + ao),
K(q1g28): = sym G(q) F(g2)270(q1+ g2 +8): = — (20)2k(q192)0(q1 + g2 + &),
Hi(q192938) : =qsqué(ql)i(qz)ﬁ(qsﬂna(ql ta2tas+8
3 P= 1—22%72’@1 (91512%):5(91 tetet &)y (6.8)
H(g1929394) :qfqzlq?f (q1) F (q2) F (93) F (q4) 276 (g1 + g2 + g3 + q4)
i=—h2(q1929394), 9(9):=— 721;)? G(q)

where G and F are FOURIER transforms of G and F which are discussed in Sect. 10. We still have to observe
the subsidiary condition (2.8) for stationary functionals. We do not transform it explicitly because we are
going to show in Sect. 8 that by means of our solution procedure this condition is satisfied automatically.

7. General Solution Procedure

The system (6.7) is a system of integral equations but not in the common sense. Irrespective of the fact
that it is an infinite system (6.7) contains a lot of §-functions and of “‘unbounded‘ variables, i.e. variables
over which no integration has been carried out. Therefore we have first to prepare our system before we
are able to integrate it. The first step consists in removing all §-functions from (6.7) which are integrated
with the unknown g-functions. Defining the functions

eL(g1]a2 . qm1) = [@m(& g1 — & 2 ... gm-1) AE (7.1)

we may write the system (6.7) in the following way

m
mem(qa-..qm) = zg(qh) f¢1m+2(911 - ’7!77’ Qo+ O) A7
11=1

+ 3 > k(95 95) P (@ + 0| Do - - D) + Tm(g1 - gm) (7.2)
(A1, 42) =1
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with
Tm e qm) = Zh 41) 0(qa + @3) Pm—2(qs; - - 4,,)
(21, 22)=1
m ~
+ 32> hi(95 9. D) P2 (@ + Do + Dias T -+~ D) (7.3)
(A12243)=1

m
+ D ho (95, 95,9, 92) Pm-a (@3, --- 05,) -
(A1222324)=1

From (7.2) follows that one has to pay for the removal of the §-functions by the introduction of the new
unknown functions ¢l,. Of course, these functions are calculable. Applying the “‘contraction” operation
(7.1) to the system (7.2) one obtains a system for the ¢l -functions but this system now contains double
contracted @-functions etc. The necessary procedure for obtaining a closed system of integral equations
can be presented in a systematic way. To perform this we specialize to the case of state functionals for
stationary states of even parity. Then only even indices m = 2, 4 ... do occur in (6.7) or (7.2) respectively.
The case of odd parity can be treated in complete analogy. Assuming now a completely symmetric set of
FoUuRIER transforms fo,, (91, ..., qam) of a state functional €(j) we can define the following contraction
functions

foulgr . k| qrs1 ... 2m—k) i = Pg... P1f~2m(_fh .o q2m)
i=[fom 1. Exqn — 1. gk — &k, Qi1 - Gomk) dE1 ... A& (7.4)

with ;gm :=19,,. Now we apply the contraction operators Py ... P1 (k=1...m) to the Egs. (7.2) for even
m. This results in the system of equations

k
[m—3 > kN (g)] ¢ (g k| gri1 - G2mi)
= 2m—k
=290 [#ntal@r  qr G — 1[N Dy m—p) A7
L=k+1
+2ng(qlu_§) ¢§m+2(QFz‘ "q,uk’ qul N = EI'S M, qk+1 - )d§d7]
=1
EmLk
= Z 3k(gsqs,) #5511 - 9k Oy + O oo - - Dran—1) (7.5)
(A142) =k+1
2m—k
=} 2 Z Z 3 ‘[k Qs G — ¢Iénz (qﬂz s Qs 9 =+ 9 — E]E’ Qg - qlz(m—k)) d‘f
hh= k+1 =1
+ 4 23 fk qlu S’ Qu, — 7]) 9’)]%7;1(4,43 qﬂk, ' + q,,z - 5 - 7]|§77q;c+1 qu_k) dfdn
(p1 p2) =
+ ’Izcm(% o k| Gkt1 - G2m—k) (m=1;5.:5005 b=1,5.:; M)
The details of its derivation are given in Appendix III. It is remarkable that the system (7.5) is a closed
system in the unknown functions ‘P’ém (m=1,...,00; k=0,...,m) because the equations (7.5) become
for k=m

— D k@) ¢(qr - qm])
i=1

m

zf Qy1 (pg;l-.LZ(qyz"'Qym; qy1—§—7]|§77) dsd,']
pu1=1

+4 ka(qm — & Qs — 1) O Qs -+ Y’ Gy + Qs — & — m|ém) dEdy (7.6a)
(u1p2)=1

+ (g qm]|) -
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The last term r%, (q1...¢m|) reads in a symbolic
notation, the precise details of which being given in
the Appendix III,

m—2 u+2

ol qml) = Z Z W;Z/tvq:’u

pu=m—1 v=pu

(@ (7.6b)
Therefore the system for the contraction functions
@k, (k=0,...,m) terminates with ¢% and no higher
contraction term occurs. So (7.5) can be used instead
of (6.7).

For the solution of the infinite systems we now
use approximate functionals

Z (P2m

We do not discuss here the question of convergence
for N going to infinity, but only the calculation of
(7.7) for arbitrary N. Formally the use of (7.7) can
be defined by putting ¢2q =0 for o> N and then
calculating @s ... gan from the first N equations of
(6.7). By our contraction procedure we transformed
(6.7) into (7.5) and perform calculations with this
system. From (7.4) follows in this case that ¢%, =0
for «> N and k=0...«. Therefore the truncation
procedure for (7.5) is defined by putting ¢%, =0 for
>N, k=0...o and then calculating ¢, for

a=1,...,N k=0,...,a

) Dam (7). (7.7)

and

from the corresponding equations of (7.5).
Writing the Egs. (7.5) in symbolic form we have
the system

m+1 k+1 m=1,... oo)
k e b )
Pom = n=;n:—2 l=‘kz— W mn (pZn ( k= 0,..., m) (7-8)

and obtain for the calculation of (7.7) the truncated
system

m+1 k+1 (m = 1, ,N)
q)IZCm,(N) :n'-%—2 l=§— Wkln (ka(N) ( k == 0’ sm) ’
é;
(7.9)

Then we have to integrate (7.9) explicitly. This will
be done in details in the following Sect. 9 for the
case of N=1 and N =2. Here we only want to
sketch the general method. To do this it is not
necessary to write down all indices explicitly. We
rather use a shorthand notation. We define a sub-
set of functions ¢% by the symbol

m =,

oepi=dap_ail ) @10
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and for any operator 0%,
on this subset by

we define its projection

m,n = «,

0w p:=0n (510 ) o

Now we start with the lowest possible equation of
(7.9) for ¢, which reads
ga(V) = Wiigs (N) + Wil i (V) + Wik gi (V)
(7.12)

where all other terms drop out according to the
structure of (7.5). Then the remaining equations of
(7.9) read in the notation of (7.10) and (7.11)

Oy(2,N)=W(2,N)-Py(2,N)+C (7.13)
where G contains all terms with ¢ and ¢} i.e.

N
m) ~(1.14)

Then we construct the GREEN function for (7.13)
namely

m=2

G2,N):=[1(2,N)— W(EZ2,N)]"1 (7.15)
and apply it to (7.13) obtaining so
dn(2,N)=G(2,N)C (7.16)

From all these functions we only need ¢4! which
reads according to (7.16)

Pi(N) = %G;’n (N)i Wity 8 (N) : = So ¢ + 81 ¢}
" - (1.17)
This inserted into (7.12) results in
@2 (N) = [W39 + W2 Sol ¢2(N) + [Wh + Wi 81l g2
(7.18)
or by inversion
dmny = TELEESREY (i)
In abbreviated form this can be written
P2N) = Q(N) g2 (N). (7.20)

When we apply the contraction operation on (7.20)
we have

[1— Q' M)]g3(N)=0

and after introduction of center of gravity coordi-
nates by

= [¢3(g — & &)d& = const - §(g — )

(7.21)

(7.22)
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we obtain an eigenvalue equation for the calculation
of the approximate eigenvalue wy corresponding to
the approximated functional (7.7)

QLN; wy)=1. (7.22)

As one easily recognizes, the main calculational
problem is the construction of G (2, N). We want to
demonstrate how to do this.

We start with solving the truncated system ¢%

(k=0,...,m) for the highest fixed index m =N and
then for the highest possible k=m=N.
We receive from Eq. (7.6a)

gy = WiN oy '+ iy [PE v -1y ghv o) (7:24)
Inserting this in the next lower equation of (7.9)

having k= N — 1 we get an equation for ¢y ! hav-
ing the structure written in an abbreviated form
N-2

1 — KX gty ' =Wy '3 iy (7.25)
+ R V(g w-_1) Phy—2)]

with the solution
L (.20
+ T~ RV lgb -1y Phv—2))

where I'{¥ =1 is the resolvent of (1 — K{Y,~V). Then
@Yy ! can be inserted into the equation of (7.9) for
k= N —2 resulting in a new resolvent operator
I'SY~? and so forth. It can thus be seen that in the
case m = N we have to construct N resolvents I'{)
(k=0,....N —1) to obtain ¢3y as a functional of
@5 v_1and ¢& y_,). From ¢9y we can get the whole
@k y-system (k=0,...,N) by simple integrations ac-
cording to its definitions (7.4).

Now we can use the next lower equation system
of (7.9) i.e. that for m = N — 1 and insert the known
functions ¢%y (k=0,...,N) which are given func-
tionals of ¢f v ;) and ¢%y_5). Then we obtain in
abbreviated form the equation system for ¢% y_;,

(k=0,....,N—1)
§ k+1
P2v-1) = Z WOL v o v -1 (7.27)
y=k—1

r
+ rsv—1[PEv—2) Frx—3)

which has the structure of the equation system (7.9)
for N — 1. Thus we can use the same procedure as
mentioned above and have to construct N — 1 resol-
vents to get the functions ¢& y ;) which can be in-
serted into the equation system (7.9a) form =N — 2
and so forth. Finally we terminate with the desired
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@9, @}, p2-system after the ¢ have been inserted.
If this system is solved one obtains (7.17) and there-
fore by the procedure described one has constructed
the resolvent operator G3} (N) which is only of inter-
est. Of course, the remaining G¥1 (N) (m=3,...,N,
k=0,...,m) can be constructed, if necessary, by the
same method. As one recognizes easily the construc-
tion of G (N) requires the construction of
N (N —1)/2 partial resolvents. In Sect. 9 and 10 this
method will be discussed in detail for N=1 and
N =2 and the existence problem of the partial resol-

vents is examined.

8. The Condition of Stationarity

Stationary functionals are characterized by the
subsidiary condition (2.8). Therefore we have to
demonstrate that the solution procedure sketched
in the preceding section and leading to an eigenvalue
equation does satisfy (2.8) i.e. that the eigenvalues
wy calculated according to Sect. 7 are the required
ones by the eigenvalue condition (2.8). To do this,
we first represent (2.8) by Dysox functionals. Using
the general DysoN expansion (6.1) for the state
functional, Eq. (2.8) can be written in our symbolic
notation

ipﬂpl(g) = — i wo ¥ () (8.1)

with
. s wpee A0 o o1
PE:= [DEG) i) g7 550 DD dj . (8.2)
Explicit evaluation gives

d

k
PE=6Fo(t/— ) ... (tr — &) 2 g

1
r=1

(8.3)

i.e. P¥is a diagonal operator. Transformation of
(8.1) in FoURIER space then gives the equation

[Z‘Ii] ‘;én (q1---qn) = we&n(‘ll cooqn). (8.4)
i=1

Specializing on states of even parity, we may apply
the contraction operation of Sect. 7 on (8.4) and
obtain in this way the subsidiary conditions
2m—k
(D g ¢t (qr . qic|qrs1 - - G2m—k)
i=1

= (')@¢§m(q1 ~--Qk|Qk+1 -~-q2m—k) (85)

m=1,...,00; k=0,...,m).
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So far Egs. (8.1) to (8.5) are valid for the exact
stationary state functionals. Assuming now an
approximate functional (7.7), not only the dynami-
cal equations (7.8) have to be truncated but also
the Eq. (8.1) respectively (8.5).

This gives

N oo
> Pigl(N) = 3 PEgh(N) — i wo ¢ ()
=1 =1
k=1,...,N) (8.6)

due to the diagonal structure of P¥. Therefore (2.8)
has to be exactly valid for the approximate func-
tionals too. Of course, then the equations (8.5) have
to be satisfied by the ¢%,, (V) also. Now the problem
can be formulated as follows: According to Sect. 7
only ¢} and ¢9 are properly chosen to satisfy (8.5).
If one calculates the higher ¢-functions by the
outlined procedure do then all g%, (N) satisfy (8.5)
automatically or not? To make clear that this
condition is satisfied in any approximation step we
use the symbolic notation of Sect. 7. Defining the
total sets @ (1, o):=@ and the corresponding
operator O(l, o0): =0 the subsidiary condition
(8.5) may be written

Py D, = oD, (8.7)

for the exact physical state functionals. Therefore
the operator of Eq. (7.8) written symbolically

D, = WO, (8.8)

has to commute with Py and it can easily be seen
that this condition is fullfilled.

[Py, W]-=0. (8.9)

Observing now, that Py is a diagonal operator, the
commutation relation (8.9) has to be valid also for
any subset indices «, f namely

[Po(a, B), W(x, f)]-=0. (8.10)
Then from (8.10) follows also
[Po(2,N),[1(2,N) — W(2,N)]]-=0  (8.11)
and from this one concludes easily, that
[Py(2, N), G(2, N)]- = 0 (8.12)

has to be valid too. Assuming now the inhomo-
genious term € of (7.13) to be an eigenfunctional of
Py (2, N), namely

Py(2,N)€E = 0wyE (8.13)
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we then have from (7.16)
Po(2,N)Dy(2,N)=G(2,N)Py(2,N) €
=wnyG(2,N)E = wxyDPy(2,N). (8.14)

Therefore @y (2, N) satisfies the required subsidiary
condition if (8.13) is fulfilled. Now our general
solution method requires ¢3 and ¢l to be eigen-
functions of Py(1,1) according to (7.22). Inserting
(7.22) into (7.14) one easily proves (8.13). Therefore
by our solution procedure any approximate func-
tional automatically satisfies (2.8).

There is still another point of view, expressing
the same fact. According to the subsidiary condition
(8.5) we should have solutions like

gy qx | gk+1 - g2m—k) (8.15)
2m—k
=0(2 qi — o) xsm (q1--- qk| ki1 - G2m—k) -
i=1
Roughly this can be written
¢9:6(P0‘—w9'1)XQ. (8.16)

If we insert the solution (8.16) of the subsidiary
condition (8.7) in the general system (8.8), we have

0(Po— wo-1) yo= Wd(Po— wo-1) 1o
=0(Po— wo-1) Wy (8.17)

according to the commutation relation (8.9). We
therefore have to solve the system

Xe=W- e (8.18)

as long as it expresses a functional relation between
the different 4%, and dces not influence the range
of the variable ¢y, ..., ga;m. Especially because the
operator W has not been changed, the system (8.18)
is formally the same as that which we have got in
the preceding section. Using the solution procedure
described there we get finally an equation similar
to that we have got in (7.21)

[1—@QN;q)]0(q — wp) =0 (8.19)
where we have recognized that #. = const ac-
cording to (7.22). This results after ¢g-integration in
Eq. (7.23)

Q(N; wp) = QLY(N; we) =1. (8.20)

Thus, by imposing the translational condition (7.22)
on ¢}, transforming it into centre of gravity co-
ordinates, it is guaranteed that the higher
@2m(q1 --. q2m) and its contracted forms are trans-
lationally invariant, i.e. they show the structure
(8.16).
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9. Integration of the Approximate Systems

We now explicitly demonstrate the method of
integration for the truncated systems (7.7) in the
simplest cases, i.e. N =1 and N = 2. For N =1
we have ¢9, ¢} and all other ¢%,, are equal to zero.
For reasons of simplicitly we denote ¢9 only by g2
and ¢l by @2. Then, according to (7.5), the two
equations for ¢s and @9 read

(9.1)
(9.2)

2@2(q192) = 3k(q192) @2(q1 + q2)

2g2(q1) = 3k(q1) @2(q1) -

As long as one does not intend to perform norm
calculations Eq. (9.1) is not required at all. For the
eigenvalue calculation only Eq. (9.2) remains.
Putting

@2(q1) = co* 0(q1 — ) (9.3)

we obtain from (9.2) by inserting (9.3) the secular
equation

3k(w)=1. (9.4)

This equation corresponds to the lowest N.T.D.
equation in nonlinear spinor theory of elementary
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particles which only contains a local graph. For the
numerical evaluation of (9.4) we observe the defi-

nition of k(q1, g2) given in (6.8). The functions G
and F are discussed in Appendix V. Then we obtain
for the contracted k of (9.4) by substituting @ and
an approximated I:’am, from Appendix V

~ 1 ~ ~
K@) =55 [ 60— & Fapp(®) d-2
ptwg 1

[ —(a+ wy)?] ~
The values of @ and w; are also given in Appendix V.
Substituting (9.4a) in (9.4) we get the solution

3= /6" w1 = 2.8009 (9.4b)

(9.4a)

a - wy

which in comparison with the exact value wgg
= 2.538068 gives a derivation of roughly 10%,.

Now we turn to N =2. For N =2 the functions
0 1 0 .1 .9 1
@y, @3, @y, ¢y, @3 are unequal to zero and all
other ¢%,, disappear. For simplicity reasons we
denote these functions by @2, @2, ¢4, @4, @a. Then,
according to (7.5), the system of equations for the
calculation of these functions read

2
2¢2(9192) = 2.9(95) [ @a(qs, — 1| mgs) dn + 3k(q142) g2 (91 + g2)

A=l

(2 —3k(q)] g2(q1) = 2 [g(q1 — &) palgr — & — n | En) dédy,

4
4¢4(q1929392) = 3 D k(9 9,) 9a(@s, + G| 01:92) + 72(91929394) ,

(21, 22)=1

2
[4 — 3k(gs)] pa(gs|q192) = 6 > [k(gs, 93 — 1) ¢a(qs, + 93— 7| gz, m) dy

=1

+ 3k(g192) palqr +92.93) + r1(g3] 142) ,
[4 —3k(q1) —3k(g2)] palgqr, q2) =12 [k(g1 — & g2 — ) palqr + q2 — E— ;| Em) dEdy

+7r4(1,2)

with ¢ (q) =: (27)~2 ¢ (q) (—1). As long as one does not intend to perform norm calculations but eigenvalue
calculations not all equations of (9.5) are required. Defining

fi(qr): =4 —3k(q1)]! and fa(q1,q2): = [4 — 3k(q1) — 3k(g2)]?

the required equations are the following

(9.6)

2
2¢2(q1,92) = 2 9(q2) [ Pal@s, — n|m ¢2) Ay + 3k (g1, ¢2) @2 (g1 + ¢2)

=1

2
®a(g3] q1.92) = f1(g3) {6 > [k (qs.93 — 1) @a(qs, + 93— 1| @1,m) dny

=1

+ 3k(q1, g2) @alqr + q2. q3) + ralgs| q192)}

(9.7)

@4(q1, q2) = f2(q142) {12fk(q1 —& g2 —n)palqr + g2 — & —n|én)dédy +ral(q1, q2)} -
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Without further manipulation from (9.7) @4 can be eliminated. Defining the abbreviated expressions
9(93: q192) : = 3/1(g3) f2(q1 + 92, 43) k(91 42) , (9.8)
R(g3: q192) : = f1(g3) {ra(g3| q192) + 3k (g1, ¢2) f2(q1 + @2, 93) ra(q1 + g2, 43)}
we obtain after the elimination of ¢4 from (9.7) the system

2
2¢2(q1,92) = 2 9(02) [ @alan, — n|m.q2,,) Ay + 3k (g1, 2) @2(q1 + q2)
=1

2
®a(g3| g1, q2) = 6f1(g3) Zf (@25 93 — 1) @a(@s, + 93 — 1| @am) dy (9.9)
=1

+129(g3: 91, 92) [k + 92— & g3 — ) palqr + 2 + g3 — & — | Em) d&dy
+ R(q3: 91, q2) -

Now we should eliminate ¢4 but this cannot be done in one step because in the equation for ¢4 two different
types of integrations occur. We first remove the term with the single integrals given by the sum of the
right-hand side of (9.9). Using the symbolic notation

611(g3) [*(qs,93 — 1) @alqs, + a3 — 1| @) dn: = K;, ¢a (9.10)
we write the g4 equation in an abbreviated manner
g2 = (K1 + Ko) 1+ f (9.11)

where f contains all the other terms occurring in this equation. In the following section the resolvent
operator I" for a kernel of the type K in (10.11) is constructed. In our symbolic notation it obeys the

resolvent equation
FllKh: Kﬂ.l[‘h: 1111—K).1' (912)

For the solution of (9.11) one has to construct a symmetric resolvent operator. According to a proposal

of WanL14 this operator reads
P:=[1+4TI1+T1%]. (9.13)

Applying P; to (9.11) we obtain by observing (9.12) the symbolic equation
[1—1I1Ky — Iy Ki] ps = Pif. (9.14)

Evaluating (9.14) explicitly by means of the definition of the resolvent operator for K in (10.6) we obtain
for ¢4 the equation

pa(gs| qr1q2) = [A(g3: 9192, Em) galqr + g2 + g3 — & — | Em) dEdn + F(gs; q142) (9.15)

with

A(g3;9192,Em) - =129(g3:q192) k(g1 + g2 — &, & — 1)
2
+62 I'(g3; 01,8 1 (@3, + 98 — E) k(@ G2, + 33 — € — 1) (9.16)
A1=1
2
+123 [1(93: 9059+ 93— 0)9(0: G G + 13— 0V k(@1 + 2+ 93— E— 0,0 —n)do
=1
2

and F(g3:9192): = R(g3;9192) + > [I'(g3: 41, 0) R(q:, + 93 — 05 91,0) do . (9.17)

=1

14 F. WaHL, personal communication.
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Now this equation for ¢4 only contains one type of integration. The solution procedure for such an equation,
i.e. the resolvent construction, is also discussed in section 10. According to (10.12) we may write the
solution of (9.15)

®a(q3]q1.92) = Flgs:q1.q2) + [ A(g3:q192,Em) Fq1 + g2 + g3 — & — m; &, m) dEdy (9.18)

with A as the resolvent operator. Now we are able to insert ¢4 into the gs-equation of (9.7). By so doing
we obtain our last equation

2
2¢2(q1q2) = 3k(q192) p2(q1 + q2) + > 9(95) F 95| 02)

11=1
+ [Blg1g2m&) F(q1 + g2 — p — &; 3, &) dpdé (9.19)
2
with B(q1g2m8) = 2,9(9:) A 9:,7m8) (9-20)
=1

where the bar across the functions denotes the contraction operation (7.1). This equation is already the
desired secular equation in the approximation N =2. In order to verify this we only have to evaluate
the function F of (9.17) explicitly. By doing so we obtain the following equation

#2(q192) = S1(q192) @2(q1 + q2) + [ S2(q1928) @2 (&, q1 + g2 — &) dE. (9.21)

The functions S; and S are calculable by a rather complicated system of recursion formulas given in
Appendix IV. Here we only sketch the further integration of (9.21). According to Sect. 10 there exists
a partial resolvent /7 for S,. Applying it to (9.21) we obtain

@2(q192) = [S1(q1q2) + [IT(q192) S1(&, g1 + g2 — §) dE) g2 (g1 + ¢2) - (9.22)
By contraction follows the equation  [S1(q1) + _fﬁ(ql ’ E 81,1 —8&)dE — 1] g2(q1) =0 (9.23)
and with (9.3) the eigenvalue equation for the approximation N =2

1= 81(0) + [H(0]&)S1E o —&)dE. (9.24)

It has to be stressed, that (9.24) is an exact equation for the truncated system N = 2. Further approxima-
tions are only necessary for the numerical computation of the partial resolvents I', A and /1. As already in
the lowest approximations of /', /1 and /7 the numerical work is considerable in solving (9.24), we do not
try to give any numerical value here.

Finally we discuss the connection of the integration procedure given here with quantum field theory.
Considering this procedure, one immediately recognizes that all steps done in the foregoing are independent
of dimension, i.e. any variable ¢ occuring in the preceding equations can be thought as a multidimensional
variable ¢= (q1,...,qn) especially as a variable of the four dimensional LorexTz space. Therefore all
operations can immediately be applied to nonlinear spinor theory, provided that all functions appearing
are sufficiently regularized. The only difference arises from the fact, that all eigenstates of the anharmonic
oscillator are base vectors of the ABELian translational group, whereas in nonlinear spinor theory the
rotation group plays a role. Therefore by applying FREDHOLM theory for the construction of the resolvents
I", A and I one probably has to expand first all kernels according to the irreducible angular momentum
representations. The same has to be done for the solution of (9.21). This prevents to come to such a simple
eigenvalue equation like (9.24) in nonlinear spinor theory. Because after expansion with angular momentum
representations (9.21) becomes a genuine nonlocal equation and the eigenvalues cannot be calculated by
(9.24). But still after this expansion FREDHOLM theory is applicable for numerical computation. So we see,
that nonlocal graphs in a theory with local interaction play a role due to rotational invariance. If this
rotational invariance does not occur like for the anharmonic oscillator the eigenvalues can be determined
from local graphs only as given by (9.24). The question of angular momentum representation of kernels
is discussed in detail in a paper of DtRrR and WAGNER 15, but here it is not in the range of our investigation.

15 H. P. Dtrr and F. WaeNER, Max-Planck-Institut fiir Physik und Astrophysik, Munich, preprint [1967].
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10. Construction of the Partial Resolvents

We finally discuss the explicit construction of the partial resolvents used in the previous section. We
first consider the problem of the construction of I';,. According to (9.10) it is the resolvent of an equation
of the following type

v (93] 9192) = 611(g3) [ k(g5 98 — 1)y (@s + 93 — 1| n @) Ay + f(g3; q192) - (10.1)

Now we substitute ¢;, = « and g3 = — o in (10.1) where according to (8.15) we have ©# = » — g;,. Because
9 appears only as a parameter, we assume that ¢} has an arbitrary but fixed value, and define

Y@ —a|agy):=y@), 6f1(—)k(w, P —a—n):=Men?), [@—aaq,): =g. (10.2)
Then Eq. (10.1) can be written
2(@) = [ M (o, 759) 2 (n)dn + g (@) . (10.3)
The kernel M (x7; ¥) is explicitly given by
Mlani )= 5 [4— 5 [E@ F9 —a—0)de] " - @@ F @ — o — 1)+ Fe)F® —a— )] (104

according to (10.2), (6.8) and (9.6). The functions @ and F follow from Appendix V. We observe that the
kernel M («%; ) is an analytic function of the parameter ¢ and is built up by functions of the type

flasex) =:[02 — i+ 1€l (cx > 0, reel). (10.5)

These can be integrated only in the FEYNMANN sense; especially one can define a scalar product in the
space of them by the definition

(f1, f2) = :7:17 jf(oc; c1) - f(o; cg)dae = [2e1ca(c1 + €2)] 1 (10.6)

showing all required properties of a scalar product. Calculating the norm of M («%; &) with this prescrip-
tion we get

(1/279)2 [ M (an; 9)2dodny = d(9) (10.7)

where d () is a meromorphic function of the parameter ¢ which is also built up by functions f(«; ¢;). This
means that the function d () is bounded except in the surroundings of possible poles #;. Thus we have
some corresponding domains B; with

|d(9)| < K; for 9eB; (Ki>0). (10.8)

Therefore we now can apply FREDHOLM theory 16 for the resolvent construction of (10.3) in these domains
and obtain in this way

x(@) =g(@) + [ Ti(an; 9)g(n)dy. (10.9)

For each domain By, the I';(an; J) are also square integrable in the same way as M (x7; #). Continuating
I's(«xm; 9) from one domain to the others we should get one single FREDHOLM resolvent ['(o7; &) with

I'(an; 9) = R(an; 9)/D(9) (10.10)

where R (x7; 9) is the FREDHOLM minor and D(8) the FREDHOLMian determinant of M (a7 ; {). Further
investigation on this subject is done in an other paper. Returning to the original variables the solution
of (10.1) goes over into

v(gs|q192) = f(g3; q192) + [ (g3 @) (g + ¢, — 15 M qs,) A7y (10.11)

16 W. SmirNow, Lehrgang der héheren Mathematik IV, VEB Verlag der Wissenschaften, Berlin 1958, Chapt. I, 34.
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Now we turn to the construction of /A, being the resolvent of an equation of the following type
vigs|qiqe) = [Algs: quqe: En)plqr + g2 + g3 — & — | En)dEdy + f(g3] q192) - (10.12)

As before we substitute g1 =a, g2 =pf, g3=9 — o — ff in (10.12), where according to (8.6) we have ¥ = w.
Defining

(@ —a—plaf)=:x@p), A@—a—Blaf;én)=:M@p;&n;9), fE—a—pF|lapf)=:9(xPp)
(10.13)

Eq. (10.12) can be written  y(af) = fM(cxﬂ; En; 9) y(En)dédny 4 g (ap). (10.14)
Again we have to discuss the properties of the kernel M («f3; &é#; ¢}) which reads explicitly

M@p;&n; ) =361 (0 —a—pP)fela+ ;0 —a— B k@B ke + p—&E&E—1n)
+ﬁs§mrw—a—ﬁ;a,£)h(ﬂ—ﬁ—s)k(ﬂ,0—5—5—71)

+36§ymff(ﬁ—a—ﬁ, o« & — B —o)fi(o)f2(9 — o, 0) (10.15)
Xk(B, O —pB—0)k(@—&—0,0—n)do.

Like in the case of I', M (a.f3; &; ) is built up by functions f(x; ¢x). Keeping in mind the definition of
f1(q), f2(q1, g2) and k(q1, ¢2) and that I'(¢s: ¢1¢2) has also to be of that type we can use the same argu-
ments as before to construct the FREDHOLMian resolvent of (10.14). So we obtain

2@f)=g@p) + [ A@p; En; 9)gEn)dédy. (10.16)
/ having the form as in (10.10). Returning again to the original variables (10.16) results in
v(gs|q192) = f (g3 qrq2) + [ A(gs: q1q2: En)fqr + g2 + g3 — € — ;| En) dEdy. (10.17)

The resolvent /] is constructed in the same way as the resolvents /" and /. Therefore only considerations
about the integrability of the kernel are necessary. They run on the same lines as before, because the
kernel is also composed by functions of type (10.5).
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Appendix I

We demonstrate the differentiation of a time-ordered product. It is most instructive to start with the
T-product of q(t1)...q(tn) p(t) which can be written

Tqt)...qta) p(t) = P2 [pt)q(ts) ... q(t1) Ot — ;) O (t;, — t3,) ... Ot , — ;)

AMovidn

n—1
+ z q(t)l) e Q(t}k) p(t) q(tlku) de Q(tin) 9 (tll - tlz) sim @(t).k - t) Q(t - t?.;nl) ane e @(tlnﬂ - tln)
k=1
+qts)---q)p) O, —t3,)...O(t;, —1)]. (L1)
Using the auxiliary formulas
O, —t)O 1 —t,) =0, — t,)[Ft —t;,) — I — 5], (L.2)

Bt —8): =3[0 —t,) — O, —1)] (L.3)
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we obtain from (I.1)

n—1
Tqt)...qt))p(t) =P > 1’[ (tr — b2 ) [P(OG(8:) ... q(t2,) O (8 — t3,)
AiisneA A=
n—1
Zq ti) ---q(2) D) q(E,.,) - 9 (62) B — tay.) (L4)
k=1

ZQ(%) g ) P () - q(t) O — 1) + q(ts) - () P () O (t,— B)]

=P ﬁ O(t;, — t5,. ) {0 — )P q(ts) — Ot — t:) q(t) P(B)]q(ts,) .. q(ts,)
A1.An t=1
n—1

+ 200 —t)q(t) . gt ) [p(®), ¢t a ¢ - 9 (E)

+qty) ... qt, )P —t,)pt)q(ts,) + O, — ) qt,) p)]}

from this follows by differentiation observing (1.1) and (I.3)
0

ot Tatr)...qta)p() = — Tq(t1) ... q(tn) ¢*(t)
—iP3 1_[9 ta — ba) 2,006 — £2) 9 (8) - 4(t, ) €(62) 4 (Ea,) - - 9 (82,) (1.5)
A1..4n 1= k=1
with [p#), q)]-:= —ve(t). (I.6)

Because of the d-function ¢;, can be substituted by ¢ and e(t) is the unity matrix. Thus the last term in
(I.5) can be written

n n n—1
- iz 6(t - tr) [Z o Z n @(tll - tlm)Q(th) ojary q(tlk—l) q(tlkﬂ) 2 q(tln)]/lu- = lar
r=1 =1 Ayo ik Agstonndn i=1
*r

=—i20(t—t) P qty)...qt,, ) [Or—t,)...0;,_, —t5,_)
r=1

oy
#r
+O(t;, —t)O(tr — t)z) O s — )+ O, — 1) ... 08, , — )] (L7)
= — 126 t—t) PZ H O (b2, — t2.) 9 (t2) - 4 (81,
cedpq =

]

X [O(tr —t2) — F(tr —t;) + 79( — b)) T O, — )]
= zzé(t - tr)PZq(th tln 1)1—[@ tli t}.hx)'
r=1

Afeoedna
*r

Therefore we finally obtain

5 Tq(tr)...qta)p(t) = — Tq(tr) ... q(tn) g3(t) — ¢ Z Ot —t) Tq(ty) ... q(tr-1)g(tr+1) ... q(tn) . (1. 8)
Replacing in (I.1) p(t) by ¢(t) and performing the same operatlons we further obtain
Tq(tr)...q(ta)q(t) =Tq(tr) ... q(ta) P(D) . (1.9)
Now we use both formulae for the derivation of the functional equation. We have
sty Te = 3 C0E [ COITq0a(E) .- alen) | ¥o>i(E0) - En)dEs .. b, (1.10)
- ‘L) )= 3 O [OITp0E) g€ Po> ] E) jEn) i .. A (L11)
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and by further differentiation and substitution of (I.8) into (I.11)

5 2o = 3 S0 [ OITR06E) . aEn)| FiEn) . En) .. b (L12)
-3 8T i j<0\Tq 1) oo 0G0 2Erea) - 26| P FED) 1 Eroa) (0 Ersa) - T ..

changing the integration variables in (I.12) we finally obtain
T s Tol) = g Toli) + 110 T (). (113)

Appendix II

Here we discuss the explicit calculation of the operator representations (6.2) and (6.3). First we remember
that all Dysox base functionals can be written in the form

D) = Fr(j) exp{— 1 [§ (&) F (& — ) (n) d& dn} (IL.1)
whereas the reciprocal base functionals are given by
D(j) = 8u(j) = FH () exp {} [§(§) F (¢ — ) () d& dn} (I1.2)

with F(j) = R;(j) defined by (4.3) and (4.4). Then we have by inserting (II.1) and (I1I1.2) into (6.2) and
(6.3)

b= [FE()i0) [ 55 — 10] @R (113)

andl ck — ka(j)j(t)G(t - t')n((j(t'),%) dtde’ Fi(j)dj (IL.4)

with ty:=[F(t—n)jy )dn (I1.5)

sl n(j(t) A é"-)::ij(t)jh- c —31(0) g + 3107 O Twe. (IL6)
o (t) 07 (t)* t)® 47 (t) ’

Now the representations (I11.3) and (I1.4) can be directly evaluated by means of the following auxiliary
recursion formulas. We define

1 om
Prty...tm): = 85(t0) . 8i(tm) * (IL.7)
Then we investigate the effect of the application of 3™ on certain functionals.
\Bm(tl tm) Z l' {g(§n+l)fn(§1 ‘Sn)?(&l) '--j(§n+l)d£1 ---d§n+1|j:0
= Pm-1(ty ... ty1) Z jg (tm) fm (& ) (t1) .. (fn)dfl d§n|j=0 (I1.8)

+ %mAl(tl cobm-1) %"n! j!](fnﬂ)jgl fn (51 ~~§n)6(tm - 5]) (51) (sf 1) (51'+1) j(§n+1)

X déy...d&ps1|5=0
= (1/0)g (tm) fm—-1(t1 - .- tm— 1)

+ Bty b 1) jg En)fn(€1.. én-1,tm)j(€1) ... (En)dér .. dEn]j=0.
Repeated application of this recursion formula finally leads to
Pty ... tm) zl ::T [ gCEns1) fnG1...En)j(51) .. j(Ens1)dEr ... dbns1]s=0 (IL.9)
= 2 : g() fm-1(ts, ... 8,) .

=1
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The derivation of the further recursion formulas runs completely analogous. We obtain

B tm) 3 07 [ 9Ene o Ene o) (€0 ] Enen) b1 oo sl 1m0
m 11.10
= P Z g(tll"'tly)fm“"(tlyﬂ ...tlm)"z.l',' ( )
Ageeaid=1

where the right-hand side disappears if m — » is negative.
Now in order to apply the recursion formulas (II.10) we represent the base functionals F;(j) by

Fi() = (fr) [o(ts — &1) ... 6(t" — &r)j(E0) . F(Er) dEr ... d&;. (IL.1T)

Then the operator representation can easily be given by means of (II.10). We examplify this for the
operator (II.3). For the first term we have

[FEGY i) 2 atFo(j)dj =

oj(t)
BE(ty ... t) [ (t) *65%)* %r. Ot —&1)...0(t" — &) j(&1) ... j(&r)dEr ... dEpdE| 50

=§B"(t1-..tk)f7'() Ot —&1) ... 0(br—1 — &,_1) O(tr — 1) 5 (£1)...j (Er—1)dé1 ... dEp—1dE]j-0

=*-Bk(tl...tk)f—f%ra(tl'—51)...6«/—5,)7'(51)...j<f,)d51...ds,|j=o (IL12)
=rd(t" —t1)...0(ty — t) Okr,

for the second term we have

IF"(f)i(t)I(t)ler(i)df

= Pty t) [JOFC— i) o 8t — £0) oo Ot — &G (D) .- jE) dEr .. dEpdtdn]y—o  (IL13)

=Prtr...t) [ 5 L F(&ri1—Er2) 0t — &£1) ... 0" — EP)G(E1) ... 7 (Eren)dEr ... dEria|j=0

== o ZF b — t2) Ot — ) ... O(ty—o — £5,) Op_s,

Ay =

by means of the auxiliary formula (I1.10). Now we can easily write down the effect of the operator A*
on ¢r(0). We obtain by observing the definitions of Sect. 5

AFgr (o) = zfA S WIS ST AT | L
k
=kgr(ts..tx) — 2 F(ty, — t,) pr—alts, .- 15,) - (IL.14)
i1de=1

The calculation of C\/* runs completely analogous to that of A,*. Therefore it is not necessary to discuss
this separately.

Appendix III

In this appendix the construction formulas of Sect. 7 are discussed explicitly. We define the set of
variables

ZZ' = qQk+1---92m—k - (IIII)
We then have especially for £ =0 the original set
:=q1...q2m. (1I1.2)
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Furthermore in all formulas we substitute instead of ¢; simply 4 for abbreviation. Then by definition (7.4)
the contraction for a symmetrical function s(ly) becomes

Pi...Prsom(I®): = [som(Er... &k, qu — &1, ... g — &k, B A€y ... A& (I11.3)
et 80 (| L B}«
When we define the sets further
Bonn:=qet1 - Qe 1 rn+1- et a1k + 441 - P2m—k (IIL.4)
M. dit=q...q

the formulas to be contracted can be written as

Zg A os A) Semot (00, 1) (IIL.5)
( A4 elm)
where ¢ (41...4;) is a symmetrical function in all arguments. In the dynamical equations (7.5) i=1,...,4
occurs. It is convenient to define further the following expressions
\m’ Z g "'1 gm i(l;cnh...li i L k) 7 (IIIG)
(g el el"I)

Now we are ready to start the investigation of the recursion formulae for contraction. We first consider
the case ¢ =1. We have

2m

LY (m) = > g(21) s2m—1(1553,) (I11.7)

=1

=9 (1) S2m—-1 (li” 2) m) + g (2 7”) Som—1 (l'1n> 1) + z q (}‘1) Som—1 (l'l’fh ;1.2m)

A El'{‘

and applying P; to (II1.7) we obtain
PLLY(m) = 2 [g(1 — &) sam1 (L1 £)dE + L1 (m). (IIL8)
Continuing in the same way by dividing L} (m) into the corresponding terms to (II1.7) we obtain finally
Py...P1L%m) =2 Z [g(ur— &) s5, L E|L ..k + p1) dE + LE(m) . (I11.9)
ui=1

Now we consider the case i = 2. There we have

2m
LY(m) = 2 g (A1 d2) sam—2(l§3,5,) = 9 (L, 2m) sam—2(1f') + 2 g (1, 21) sam—2 (13, 2m)
(21, 22)=1 helm
+ > 9@m, k) sam—a(lih, 1) + 2 g(A1, A2) Sopo (52 1,2m) . (111.10)
etm (ha,dz) €

Applying P; to (III.10) we obtain
PiLY(m) = g1 (1) s2m—2(y) + 2 2 [g(1 — & A1) s2m—2(lf's, &) A& + L (IIT.11)

A El’l"

and finally

.. P1LY(m) Zgl 1) SEmma (2] 1 .. B + 1)

7' (11)

k
+23 D[l —& M) sknlarE |l .k pr)dE (IT1.12)

21 elm =1

f42f9 (1 — & o — )52 0 6 | L.k + uapo) dédy + LE(m).

(ug ug)
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In the same way we obtain for ¢ =3

k
Pp...PiL{m)y=> [Dgl(Ar|p1)ssnuls Qs |1 ..k + p1)

=1 A1 € l'k”

+23> [gur—n Ade) bl s s m| 1. . k + p1)dy]

(ida) € 1

k
+2 > [[symgl(u1 — & | po) 5,25 ( L &| 1. & + pypo) d&

(Hip2)=1 py py

+2> [g(ur— & pe —n, A1) 5,25 En| 1.k + pape)dédy]  (IIL13)

A El;"‘

k
+ 8> [gur—& pu2 —m, pus — 0)$5,.° s (i 5 Eno| ...k + ppo ps) dEdndo + La* (m)
(H1pzus)=1
and for ¢ = 4 we get
3
Pp...PiL{(m)= > [Dg'(Arhz|p) sknla@asm |l .. k + p1)

=1 (hi2) € ZZ'

+23 [gur—& A Aada) S5l s (Wasmnes &| 1. b + pr) dE]

(A12243) € lz‘

k
+ D92 (p1, p2) S5 (G| 1. e = 1 o)

(u1p2)=1

+23 [symgl(un — & 21| p2) 5,2 s (o s €| 1o b + py o) A6 (IIL.14)

m
Melr pups

+ 4> [gpr—& pe—n, Ade) 5,2 s (Gl ams Em| 1o k + p1 po) dEdn)

(Jalz) € U

k
+4 2 [fsymgl(us — & pz — 0| us) 8.2 4G Em| Lok + p1 po ps) dédy

(n1pzpa)=1 pipzps
o % Zl"_.[g(/ll — & 2 —m, u3 — 0, M) sk U sEme| 1. k * pa ps us) dédndo]
.
+16> [g(ur — & p2 — n, ps — o, pa — 1) 5,1y (' Emor]
A 1...k % p1 o pus pa) dédodndr + Lg*(m) .
Identifying for

=1 g(h) =g(4), som-1(00%) = [ @ms2h;n| A — ) dy, (IIL.15)

1 =2 g(Ade) = k(A1 42), som—2(I0%s) = @omon | A1+ A2), (ITI.16)
or g(A142) = k() 0(Ar + 22) sem—2(la) = P2m—2(2) » (I11.17)

i=3 g(A1A223) = h1(A14243) Som-8 (001010 = Pom—2(0haner 41 + A2+ 23) (II1.18)
and for

i=4 g(Aledsde) =ho(M1A22322) Sem-airini) = €3m—10hr12.) (I11.19)

we obtain the corresponding equations of Sect. 7.
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Appendix IV

We give here the recursion formulas for S; and S; appearing in (8.21)

2
S1(q192) : = 3 [k(q192) + > 9(9s) P1(9:,92) + N1(9192)1d(q192) »

1=1
2
S2(q1928) : = 3 [Na(q1928) + > 9(91,) P2(92,92.6)1d(@142) » Iv.1)
A=1
2
d(qrge) : =1 — 2 9(qs) P3(92,92)17" (Iv.2)
lx=1
Ni(q192): = [ B(g1g20, 91 + 92 — 0) [f1(q1 + g2) (o) (IV.3)

+Cg(@1—0 91+ ¢92) +Cg(o, 1+ 92— 0, 0)]do
+ [ B(q1g20%) M1(0, %, 1+ g2 — 0 — #) dodx,

Na(q192m) : = BY(q1+ q2| q142) C£1(0)

+ [M2(0,91+ g2 — 0 — 1) [B(q19270) + B(g19207)] do (IV.4)
+ [ M3(0, %, q1+ g2 — 0 — % — ) B(q192., 0. %) dodx .,

P1(g192) : = filqr+ q2) k(q1) + Cg(q1, — g1, 1+ ¢2) + Cg(q1,92,0) + M1l (2| q1) » (IV.5)
P(q1927) : = M2(g192 — ) + M3(q|q17), (IV.6)
P3(q192) : = Cf1(0) + M3(qe) , Iv.7)
C:= [h()dé, (IV.8)
Mi(q1929s3): /Z l[r 935 91> — qn) f1(q1 + g2+ g3) ke (q5,) (Iv.9)
‘;— CI'(gs: @er — 90) 9 Q1> — G 1 + 92+ 93) + C L9383 Q35 43 1 €20) 9 (0393 + 92, 0)

Ma(g,93): = A1(91,93) f1(gs) + CI'(¢3;5 41,5 93 + ¢2.) }1(0) (IV.10)

+ [I'(g3; 91,8) f1(q5, + 93 — &) A1(E, q5, + g3 — £) dE,

M3(q19293,m): = 6f1( (Is )h1(q19293 — m) + 9(919293) A2(q1 + g2, g3, 1)
+ 6Z[fp(93;QA25)f1(QAz+93—5) h1(92,5 8, Qo+ g3 —& — ) dE (IV.11)
;.1=1
+ (I3 938 — 03) 9@ E — Qs 1+ g2+ g3 — &) Ao (&, g1+ g2 + g3 — &, ) A&
+ I'(93: 92.m) f1(@2s + g3 — 1) 41(92,> G + 23 — 1)1,

A1(q192) : = 2h(q1) + 3hi(q1] g2) , (IV.12)
2
A2(q1928): = 2(2h(q1 — &) + 3 2 ki (g, — &| 9] - (IV.13)
A1=1

All the other definitions are given in the preceding Sect. 9 especially the definitions of
h1(¢19293); h(g) and g(g) by (6.8), f1(g) and f2(¢142) by (9.6) and g (g1, g2, g3) by (9.8)
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Appendix V

In this appendix we discuss the singular functions
G and F appearing in (6.8) and all derived equations.
Defining
1 (7« s
)= —5, fG (p)e *'dp

(V.1)

then from (3.3) follows for &’
G'(p) =[p*—3F(0) +ie]?

where the small imaginary part effects FEYNMAN
integration.

For the two point function F we have the defi-
nition

F(ty — t2) = <0| T'q(t1) q(t2)| 0>

= > |<0]|q(0)|n) |2 e=iwelr—tal
n=1

(V.2)

(V.3)

with w,= : (£, — Ej). The FOURIER transformed F

F() =55 [ F(p)e-intap (V.4)

then gives

F(p)= 2> 1<0]|q(0)|n)|22i wn[p® — o + i€l L.
=l (V.5)
F itself can be calculated selfconsistently by the
calculation of states of odd parity. We do show only
the lowest approximation. In this approximation
we put

Fapp (p) = 20 |<0|q(0) | 1|2 n [p? — w} + i ]!
(V.6)

because we know from conventional quantum
mechanics [0 [g(0)[1)>| > [<0]|¢(0)|n)y| for

1865

n=2,...,00. From the commutation relation be-
tween ¢(0) and p(0) follows exactly the sum rule

2 20a[<0]g(0)| w2 =1 (V.7)
n=1
and approximately
[<0]g(0)[1)|221 =1 (V.8)
and from this
Fapp(p) = i[p? — 1? +iel . (V.9)

Further in this approximation follows from (V.3)
Fapp(0) = [€0[¢(0)| 1|2 =1/2w1. (V.10)

Therefore in this approximation we obtain
~ 3 -1

’ — 2__ Y .
GW=p— g +ie]T (v
and we have to calculate selfconsistently only
the root w; but no matrixelement. For this cal-
culation we consider the lowest equation of states

of odd parity of (7.2). It reads
§1(0) = G' () [ gl — £] &) d&

if one assumes the center of gravity condition to be
fulfilled for ¢ . From (V.12) follows

[(02 = 2:2)1} ¢1(0) = [@(w — E|E)AE (V.13)

(V.12)

and assuming ¢} and all higher @-functions to
vanish we have the root
= iy = ]/g = 1.1447. (V.14)

From this root all interesting constants can be
calculated, for example a = : ]/3F(0).



