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The theory o f solution for q u a n t u m field funct ional equat ions is deve loped for a suitable 
testproblem o f q u a n t u m mechanics . In Sect . 1 the anharmoni c osci l lator is described in a field 
theoret ic fashion. In Sect. 2 its funct ional equat ions are der ived and in Sect. 3 these equat ions 
are symmetr ized due to physical condit ions . In Sect . 4, 5 the expansion o f the physical funct ionals 
into series o f base functionals is discussed a n d a convenient notat ion f o r the operator representa-
t ion is introduced. I n Sect. 6 the representation o f the funct ional equat ion for an expansion into 
D y s o n base functionals is given. I n Sect . 7 and 8 funct ionals are a p p r o x i m a t e d b y expansions 
with on ly a finite n u m b e r o f terms and the resulting equat ions are prepared for integration. I n 
Sect. 9, 10 the integration o f the resulting equat ions for N = 2 and N = 4 is discussed in detail 
so that one finally obtains eigenvalue equat ions which conta in o n l y integrals t o be solved. In 
the appendices technical details are der ived. 

In nonlinear spinor theory the dynamical be-
haviour of elementary particles can be described by 
functionals of field operators in a Heisenberg re-
presentation and corresponding functional equa-
t ions 1 , 2 ' 3 . To obtain the physical information, it is 
necessary to solve the functional equations without 
perturbation theory, i.e. for the strong coupling 
case. Therefore a theory of solution for these equa-
tions has to be developed. As has been discussed in 
previous papers, the anharmonic oscillator is a 
suitable test problem for the investigation of strong 
coupling functional equations 2>4,5,6 First results 
about the solution procedure in the one time limit 
of the functional equation for this simple system 
have been given6 . But to obtain a complete func-
tional analogy between the test system and non-
linear spinor theory the investigation of the many 
time functional equations is required2,3. This prob-
lem is attacked now in this paper. The general idea 
for the solution procedure is the use of an expansion 
of the physical functionals into series of suitably 
chosen base functionals and to approximate the 
exact infinite series by series with a finite number 
of terms. The general theory then requires the proof 
of convergence for this procedure and the explicit 
calculation of the approximate functionals. Only 
the second problem is discussed in this paper. As has 
been shown in6 the approximation procedure can 
be performed either in symmetrical or in unsym-
metrical functional operator representations. Al-
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though the first possibility seems to be more prom-
ising from a general mathematical point of view6 

the second possibility of working with an unsym-
metrical representation leads to the usual field 
theoretic matrix formalism. To maintain the con-
nection with former field theoretic calculations we 
choose the unsymmetrical representation but we 
emphasize that the solution procedure discussed 
here can be applied equally well to the symmetrical 
representation. Furthermore we want to emphasize 
that this procedure can be applied without any 
modification to nonlinear spinor theory i.e. a rela-
tivistic field theory. One has still the choice to work 
in the g-representation (corresponding to relativistic 
scalar fields) or in the ^-^-representation (correspond-
ing to relativistic spinor fields)2,6. For convenience 
we use the ^-representation. Again its solution 
procedure can be applied equally well to the p-q-
representation. We develop the solution procedure 
for the states of even parity (corresponding to boson 
states) up to the point where numerical calculations 
can be performed. The solution procedure for states 
of odd parity (corresponding to fermion states) runs 
completely analogous. Numerical values are only 
given for the lowest approximation in Sect. 9. As 
for higher approximations the numerical effort 
increases considerably, we do not try to give for 
these approximations numerical values too. This 
will be done in special papers, some of which are 
already in preparation. 
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1. Field Theoretic Representation 

We consider the anharmonic oscillator as a simple 
field theoretic model. Therefore we formulate its 
basic quantum mechanical relations in the way of 
quantum field theory. The equations of motion are 

q(t) = p(t), p(t) = -q*(t) (1.1) 

with the commutation relation 

[p(t),q(t)]= - i l . (1.2) 

The stationary states of the anharmonic oscillator 
i.e. the eigenstates of the time translational operator 
H are a complete system of the corresponding 
HILBERT space and admit the representation 

oo 

<Wß\ = Z a n ( e ) < F n \ (Q = 0 , . . . , o o ) (1.3) 
«=o 

with the base vectors 

: = <0| g»(0) (» = 0 oo) . (1.4) 

<0| being the physical ground state normed to 
unity. As has been proven in7 the expansion states 
(1.4) are also complete but not orthogonal. Then 
it is convenient to introduce a second system of 
base vectors, called the reciprocal base system, to 
formulate the HILBERT space norm. This system 
is defined by 

(Fn\Rk} = dnk (1.5) 

and the eigenstates (1.3) have to admit an equal 
representation by the expansion 

\ ^ Q > = 2 r i ( e ) \ R i > . (1.6) 
1=0 

We get the scalar product between the two states 
according to (1.5) as 

oo 

= (i.7) 
«=0 

For the actual construction of the states | Wg) one 
has to calculate the expansion coefficients either of 
(1.3) or of (1.6) given by the projections 

<}Ft\ Ri> = at(e) (1.8) 

or <Fn | = <0 | (0) | = rw ( Q ) . (1.9) 

The two sets of expansion coefficients are not 
independent from another. They are related by a 

7 F . WAGNER, Thesis , Univers i ty o f Munich 1966. 

system of algebraic equations. To derive them we 
consider 

Tnx(e) = < ^ | ? w ( 0 ) | 0 > (1.10) 

which is a consequence of the HERMITEAN property 
of the ^-operator. Then with the definition 

|**>: = ff*(0)|0> (1.11) 

we obtain from (1.3) 

rk(Q) = Ion(Q)<Fn\Fky (1.12) 
n=0 

being an infinite system of algebraic equations for 
the calculation of the expansion (1.3) if the recipro-
cal expansion (1.6) is known. 

2. Functional Representation 

In the preceding section we discussed the field 
theoretic version of the anharmonic oscillator. Now 
we turn to the calculational problem, i.e. the cal-
culation of stationary states and norms. In this 
paper we discuss only states. The states are known 
if their expansion functions either of the expansion 
(1.3) or of the expansion (1.6) are explicitly given. 
To maintain the full analogy to quantum field 
theory, especially to nonlinear spinor theory, we 
ignore the possibility of state calculations in the 
SCHRÖDINGER picture but try to calculate the set of 
T-coefficients of (1.6). In order to do this we observe 
that the rw(^)-values are limiting values of the 
many-time r-functions. 

re(h...tn): = <fi\Tq (h) ...q{tn)\Vey (2.1) 

where T means time ordering. Then we have accord-
ing to the definition of the T-product 

rra(e) = lim r e (* ! . . .*„ )• (2-2) 

Therefore the states | *Fgy can also be characterized 
by the many-time r-functions (2.1). It is this feature 
which completes the analogy to relativistic quantum 
field theory. In the following we therefore try to 
calculate the many-time functions (2.1) although 
they contain superfluous information. For their 
calculation we introduce an auxiliary space, the 
so-called functional space, where the set of r-func-
tions is represented by a functional in the following 
form 

oc 
2 --• h) F(ti... tk, j) d f ! . . .dt k . (2.3) 
k = 1 



The base functionals in the expansion (2.3) are 
defined by 

F{h...tk,j):=~j(t1)...j(tk) (2.4) 

with classical source functions j(t). Observing (2.3), 
(2.4) and the definition (2.1) the functional (2.3) 
may also be written as 

( j ) = <01 %T exp f q (t) j (t) 6t | . (2.5) 

For functionals one is able to define a functional 
differentiation and a functional integration8-9. 
Especially by the differentiation operation one can 
derive from the dynamical equations of Section 1 
and of (2.5) a functional equation characterizing 
%e{j). For details of its derivation we refer to 
Appendix I. One obtains 

d2 Ö / N 

with EM dj(t) 
(53 

+ ij(t). (2.7) 

Additionally for stationary physical functionals the 
necessary subsidiary condition 

S M T - * L D T % > ( ? ) = i(o0%e(j) (2.8) dt dj(t) 

has to be satisfied6. Both equations are the starting 
point of our calculational process in the following. 

3. Symmetrized functional equations 

As it is our opinion that the problems in quantum 
field theory can only be solved appropriately by 
using the methods of integral equations we just 
change the differential equation (2.6) into an integral 
equation. It is convenient to introduce normal 
ordering of the interaction term by adding on both 
sides of (2.6) a contraction term2 resulting in 

d2 

dt2 3 F(0) 
W) 

%ii) = N\j(t),-mjZQ(j) (3.1) 

with 

1 1 (>'<"• M ) • - D ( ' « > > M ) +
 3 F { 0 ) M

 (3-2) 

where F(0) is the vacuum expectation value of q2. 
Defining the F E Y N M A N - G R E E N function for ( 3 . 1 ) by 

£ + 3J<0) G(t-t') = d(t-t') (3.3) 

from (3.1) follows by application of G the functional 
equation 

0 Ze(j) = jG(t-t')N(j(t'), 6 
W) W') 

dt' %e(j). (3.4) 

But still Eq. (3.4) is not satisfactory because for 
every r-function in configurational space there are 
several separated integral equations, which do not 
reflect the symmetry properties of these functions. 
It is necessary to combine these equations in such 
a way that the resulting equations have only sym-
metric operators in all arguments. The first approach 
in this direction was done by M A T T H E W S and 
S A L A M 1 0 . Later on D Ü R R and W A G N E R 3 demon-
strated that the M A T T H E W S - S A L A M equation is only 
a special linear combination formed from all possible 
symmetrical equations in configurational space. 
Thus it remains open which linear combination is 
the most advantageous one. A formal prescription 
has already been given in2 for the differential form 
of the functional equation. Here we modify this 
description for the integral form of the functional 
equation and show that this equation has the same 
manifold of solutions as the original Eq. (3.4), 
provided that the solutions are symmetrical in all 
arguments. We propose the following equation 

ji(t) m d t z e ( j ) (3.5) 

= jj(t)G(t - t') N (j(t), -^y) dtdt'%e(j) . 

By means of the calculus developed in the next 
sections it can easily be seen that (3.5) only implies 
completely symmetrical operations in configuratio-
nal space. So (3.5) has the desired properties. To 
replace (3.4) by (3.5) we only have to show that all 
solutions of (3.5) are solutions of (3.4) and that also 
the symmetrical solutions of (3.4) satisfy (3.5). First 
it is clear that (3.4) has at least the physical solu-
tions, following by direct construction from the 
Schrödinger amplitudes whose existence is secured. 
Then each physical solution of (3.4) satisfies (3.5) 
automatically because (3.5) results from a linear 
combination of (3.4). Therefore in this direction the 
transition from (3.4) to (3.5) does not cause any 
difficulty for the physical solutions. If one supposes 
on the other hand to have a solution of (3.5) being 

8 Y . V . N O V O Z H I L O V a n d A . V . T U L U B , T h e M e t h o d o f 
Funct i ona ls in the Q u a n t u m T h e o r y o f Fields , G o r d o n 
and Breach , N e w Y o r k 1961. 

9 I . F R I E D R I C H S and A . S H A P I R O , Seminar o n Integrat i on 
o f Funct ionals , N e w Y o r k Univers i ty 1957. 

1 0 P . T . M A T T H E W S and A . S A L A M , P r o c . R o y . Soc . L o n d o n 
A 221. 128 [1954] . 



regular at the origin in functional space, i.e. having 
a power expansion solution like (2.3) and denotes 
this solution by 2s(j) ' , then one may insert this 
solution into (3.4). This gives 

6j(t) 

where 3 (t, j) has to have the form 

*&U) = 3 (t.j) 
(3.6) 

3 (t, j)-=^$Zn{t,h...tn)F{h...tn, j) d*i . . . d tn 
n=1 

(3.7) 

following from the properties of %s(j) and of the 
operator on the lefthand side of (3.6). Then by 
multiplying (3.6) with j(t) and integrating over t 
from (3.6) (3.5) results and because 2s(? ) is sup-
posed to be a solution of (3.5) we have 

Si(t)3(t,j)dt = 0. (3.8) 

Now in our entire calculus we may use an arbitrary 
but square summable j(t). As (3.8) is valid for any 
j(t) satisfying this condition we therefore conclude 
3(£, ?) = 0. This, however, means that %s{j) 
simultaneously satisfies (3.5) and (3.4). Thus all 
solutions of (3.5) admitting a power series ex-
pansion like (2.3) are automatically solutions of 
(3.4) too. Therefore we are allowed to use the sym-
metrized equation (3.5) instead of (3.4). Naturally 
the physical solutions of (3.5) still have to satisfy 
(2.8). But this equation has already the desired 
symmetrical form so that we do not have to 
symmetrize it further. 

4. Functional Expansions 

The first point of interest in our functional for-
mulation is the investigation of the possibility of 
different expansions for %(j). These expansions will 
be important when one looks for the best way of 
representing a given functional approximately, i.e. 
by only a finite number of expansion terms, this 

being inevitable for practical calculations. Then it 
is a crucial question which expansion is the best one 
for such a truncated description. Since in the one-
time limit a norm of exists7, one should think 
that in analogy to ordinary analysis the most suitable 
expansions are those with orthonormalized base 
functionals; as is well known normalizable functions 
are optimally approximated by orthonormalized 
base functions. A step in this direction is the intro-
duction of the base functionals 

D(h...tn,j): (4.1) 
= F(ti... tn j) exp{— %Sj(£)F(£-r])j(V) df dV} 

which under certain conditions on F (f — rj) are 
normalizable but not orthogonal. Then we assume 
%e (j) to have the expansion 

oo 
%Q(j) = 2 1 <Pe ('!••• '*) D(h...tk j) dh... dtk . (4.2) 

Ä — 1 

In order to calculate the set of r-functions D Y S O N 
was the first to introduce this set of expansion func-
tionals. Therefore we call the base functionals (4.1) 
the D Y S O N base functionals. There are still other 
expansion functionals possible to define e.g. the 
famous orthonormalized H E R M I T E A N functionals9. 
About their application for the present problem 
another paper is in preparation 11 so that we do not 
discuss them here. 
In using different representations of %Q(j) it is 
desirable to rewrite the expansion coefficients of one 
representation in terms of those of another re-
presentation. According to functional analysis this 
should be done by the formation of scalar products 
between the different base functionals, i.e. in this 
case by functional integration9. From historical 
reasons in quantum field theory another procedure 
is used, namely the comparison of equal power 
coefficients in j(t), because it is assumed that all 
physical functionals allow a power series expansion 
like (2.3). In practice such a power series comparison 
can be achieved by use of the formula 

1 dl 

il "dj(ti')...d(ti') F(h...tk,j) \j=0=dik d (tk' - t j . (4.3) 

This equation looks like an orthonormality relation and we use this analogy to formulate all functional 
operations by the notation of functional analysis, because this notation preserves the base invariant 
description of operator relations as will be shown in the following. 

1 1 D . MAISON, Thesis , Univers i ty o f Munich , in preparat i on . 



Therefore we replace formally the operator on the left side of (4.3) by a functional scalar product 

J R (h' ...ti, j) F(h...tk, j) dj : = 1 6m)Ö^dj[t{) F(h...tk,j)\j = 0. (4.4) 

As the functionals F(t\...tn, j) are neither normalizable nor orthogonal the R-set cannot be identical with 
the F-set, but has to be a rather pathological functional set, if one would try to construct it explicitly12. 
This construction is not necessary because in the following we always use the R-set in connection with 
the symbol of functional integration, i.e. only the formula ( 4 . 3 ) . So we have no trouble with the existence 
problem of the i?-set. But we emphasize, that by a more suitable choice of base functionals the formation 
of scalar prcducts in functional space becomes a well defined operation9. Keeping this in mind we believe 
that the substitution (4.4) elucidates the mathematical meaning of our operations. Applying now (4.3) 
respectively (4.4) on %e(j) we then get 

$R(h...ti, j) (j) dj = re(h... ti) (4.5) 
oo 

and rg (h ... ti) = 2 J <pe (h' • • • «*') J B (h . .. h, j) D (W ...tk, j) dh'... d**' dj (4.6) 
k = 1 

as the transformation rule between the two sets of expansion coefficients of ( 2 . 3 ) and ( 4 . 2 ) . ( 4 . 6 ) becomes 
the W I C K rule if one identifies F(i — rj) with the two point function < 0 1 Tq(£)q(rj) | 0 ) i.e. we reproduce 
by this operation field theoretic results. By the same arguments as used in the foregoing, formally a 
reciprocal set for the D Y S O N base functionals can be constructed from the i?-set. Defining it formally by 

8 (h • • • tn, j): = R (h • • • tn, j) exp J j (£) F (| - rj) j (rj) d| d^} (4.7) 

one easily verifies by observing (4.3) and (4.1) 

1 k 

J S (h'...h', j) D(h...tk, j) dj = dki jvP2ö Vi (tk - tXk) (4.8) 

and from this follows jS(h...h, j) Ze (j) dj = <pe(h... k) (4.9) oo 
and (pg (h ... h) = ^ J XQ fa' •••tk')\S(h...ti,j)F(h' ...t'k,j) d i i ' . . . dtk dj ( 4 . 1 0 ) 

k = 1 

as the inverse transformation rule to ( 4 . 6 ) . Also this inversion of the W I C K rule is known in field theory. 

5. Functional Operator Representation 

To make plain the meaning of the different expansions in Sect. 4 we give in this section a systematic 
treatment of functional operators. We have already used functional operators in differential form in the 
preceding sections. But for a systematic treatment it is convenient to change all operators in integral 
operators. In order to do this first of all we consider a general set of base functionals B(t\...tn, j) and its 
reciprocal set T(t\...tk,j) satisfying the relations 

J T (h ... tn j) B (h' ...tk', j) dj = dnk I P i 6 (h' -tXl)...d (tn ~ hn) . (5.1) 

Then we define the integral representation of an operator in the functional space of the B- and T-sets by 
oo 

0(j,j') = 2$B(h...h,j)0\(£l...h,r]l...r]i)T(rll...r]i,j')dh...dhdr}l...drii (5.2) 
k,i = 1 

1 2 In ord inary func t i on space the set o f xn\n\ (n = 0, 1, . . . , oo) corresponds t o the F-set. I t s rec iprocal system 
r t ( x ) is g iven b y dW(x) i .e . b y distributions. 



with 
0\ = j, ?) B(Vl... Vi, f ) dj df. (5.3) 

The unity operator in this space is given by 
oo k 

d (j, j') = 2 J B ( l ! . . . I , , j) - i - P 2 S (h - nXx)... Ö (h - rjJ T(rn...rjk,f)d£1... &m ... drjk (5.4) 

and for the state functionals we assume the ex-
pansion 

oo 

a*(7) = 2 J be tfi • • • 5 tf 1 • • • f * • • • • • k = l 
(5.5) 

For this representation the following multiplication 
rules are valid 

J O ( 7 , r ) ^ ( r . 7 ) d r = ö (7 .7 ' ) , (ß-6) 

5o(j,r)Z(f)&r =mj), w 

fd(j,f)Z{f)df =%(j). (5.8) 

(5.6) means operator multiplication, (5.7) a general 
state equation and (5.8) the effect of the unity 
operator. We now introduce some abbreviations, i.e. 
we write the functional calculus symbolically in 
analogy to vector analysis. In vector analysis the 
reciprocal system is denoted by upper labels 
whereas the original system has lower labels or vice 
versa. Then we define 

B(rjl...rjk,j)-. = Bk(j) (5.9) 

and write the operators in the following1 symbolic 
notation 

0{j,f)=2Bk(j)Oi*Bi(f) (5.10) 
k, i 

with 0\ = SB*(j)0(j,j') Bi(j')djdj'. (5.11) 

The state functionals are written 
X(j) = ZbnBn(?) (5-12) 

n 

and (5.1) now reads 

SBm(j)Bn(j)dj = önm: = gnm. (5.13) 
In this notation we obtain for (5.6) by the use of 
(5.13) 

k,m,n 
(5.14) 

with 

X Pn{rji...rjm, Cl • • • Cn) d^i . . . drjm (5.15) 

and for (5.7) 

S O ( j , f ) Z ( f ) d f = 2 B M ° k m b m 
k, m 

= 2 B i ( j ) r i . (5.16) 
i 

Multiplying (5.16) from the left by Bn(j) and inte-
grating over j we obtain 

^Onmbm = rn (n = 1 , . . . , oo). (5.17) 
m 

Because we used initially differential operators it is 
interesting to show their equivalence to integral 
operators. We assume the following differential re-
presentation. 

= (5-18) 

For the transition to the integral representation we 
multiply (5.18) by Bn(j), integrate over j, and sub-
stitute the unity operator (5.4) symbolically written 

ö(j,j') = ZBn(j)Bn(j') (5.19) 
n 

according to the rules (5.16). Then we obtain for the 
lefthand side of (5.18) 

J B»(j) 0 (/, d(j, f ) Z ( f ) djdf (5.20) 

= ZSBnU)° [h J Bm (?") 2 <*">d?" • 
m 

Remembering that the scalar product of Bm with 
% and Bn with 9t just gives bm respectively rn (5.18) 
goes over in the appropriate integral representation 
(5.17) if we put 

0(j,j')-. = 0(j, Öö.)ö(j,f) (5.21) 

be definition. Using this definition for the calcula-
tion of the integral representation (5.2) and (5.3) of 



a differential operator 0(j, d/dj) the equivalence of 
both representations is secured. 

The advantage of the integral representation ob-
viously stems from the fact that it is invariant 
against the choice of special representations and that 
one may apply due to the analogy with vector 
analysis the apparatus of vector analysis in func-
tional space if necessary. For example we may define 

J Bm ( j ) Bn (j) dj = : gmn (5.22) 

as metrical tensor of the base functionals Bm ( j ) in 
functional space for raising and lowering indices like 

Omi = SBm( j) 0 (j, j') Bi ( j ' ) dj dj' = 2 9mk 0\ . 
k 

(5.23) 

This possibility is of special importance because the 
properties of functional operators can be obscured 
by an unfortunate choice of the base functionals. An 
example is provided by any selfadjoint operator A 
whose integral representation A k1 is not symmetrical 
as long as the reciprocal set is not identical with the 
original set, i.e. as long as we do not use an ortho-
normalized set. On the other hand Am is symmetric 
even if the basic set is not orthomalized. 

6. The Dyson Representation 

As a first step towards the solution of the func-
tional Eq. (3.5) we expand Xe(j) into a series of 
D Y S O N functionals. As these base functionals are 
normalizable at least in the one-time limit they 

cannot be completely wrong. Moreover this expan-
sion is of special interest as all calculations in non-
linear spinor theory have been done in this represen-
tation. When we write the functional 'Xe(j) in the 
symbolic notation13 

oo 
fZßU) = Z<Pk(Q)Dk(i) (6-1) 

k = l 

and denote the reciprocal system (4.7) by Dl( j) the 
operators of Eq. (3.5) are expanded in the Dk(j) 
and Dl(j) functionals, giving 

A\: = J Dk (j) j (t) Di (j) dt dj (6.2) 
and 

Cl.=lD«(j)j(t)G(t-t') (6.3) 

d*{n)Di(j)dtdt'dj. 

In this representation Eq. (3.5) then reads 
oc 
2(Af~Cf)^(o) = 0 {k = 1 , . . . , oo). (6.4) 
i=i 

Of course, nothing prevents us from using the ope-
rators Aki and Cki which do not lose their sym-
metry properties in the chosen representation. But 
we treat (6.4) specially because (6.4) corresponds 
exactly to the usual field theoretic representation. 
After some lengthy calculations given in Appendix II 
which only use those properties of the Dk and Dl 

sets being mentioned in Section 4 we obtain the 
explicit expressions 

2 (AT - CD <pl (Q) = m (pm (h... tm) + 2 Jo (t?, - a) (fm+2 (h2 .. . hm a a a) da 
Ji=i 

3 2 J K ( ^ 1 a ) Vrn (h3 • • • hm a a) da + 2 Ä Cai ht) <Fm-2 ih3 • • • h„ (6.5) 

with the definitions 

(h.i • • • h.m a) da + 2 (^ h2 h3 h4) <pm-\ (hb • • • hm) — 0 

h (ti h) • — sym 
ht2 

F(h-t2) + -.G(h-t2) 

K(tit2a) : =symG(h — <x)F(tz — a) , 
tit2 

Hi(ht2hy.): = sym G(t\ - x)F(t2 - a ) F ( t 3 - a), 
huts 

H2 (ti t2t3U): = sym JG(ti — a) F(t2 - a ) F ( t 3 - a) F(t4 — a) da 
tMiti 

(6.6) 

1 3 Usual ly in q u a n t u m field theory the D Y S O N expansion is wr i t ten as A func t i ona l t rans f o rmat i on %g (j) — @e(j) 
e x p [ — • F - j] f r o m the (^ - func t i ona l t o the Oe (^ - func t i ona l . B u t this descr ipt ion is dangerous , because b y 
a c l u m s y appl i cat ion o f the t rans format ion the funct ional operators can loose their s e l f ad j ount p r o p e r t y . 



where ,,sym" means symmetrization in all indices and (Ai...Ajc) means the sum over all possible combina-
tions of k elements out of m elements independently of their sequence. The functions G and F are defined by 
(3.3) and in Sect. 4. As all FEYNMAN integrals are to be calculated in momentum space it is still convenient 
to perform a F O U R I E R transformation on ( 6 . 5 ) . Denoting all F O U R I E R transforms with a tilde, we obtain 
the F O U R I E R transformed Eqs. ( 6 . 7 ) and ( 6 . 8 ) . 

1 m ~ ~ 
mq}m(qi...qm) + £ G (fri) J V ™+2 (ft2 • • • ; £??C) <5 (£ + *? + £ - q^dgdrjdt 

l m „ _ 
+ 3 I [K (ft, qh £) <pm (ft3 ... qu r) fl ö (f + rj + f ) d| drj d£ 

m _ 
+ ^ ?*») (ft3 • • • ftJ (6 -7 ) 

+ 3 — - 2 J # i(ft, ft2 ft31) cpm—i (ft4 ...qxmrj)d{£ + rj) d£ d^ 
(liiiAs)-l 

w „ 
+ 2 (ftt ft2 ft3 ftJ (ft5 • • • ftJ = 0 

with 

h (ft ft): = 4 F(qi) + ]~G(q1)]d(q1 + q2):=-h(q1)d(q1 + ft), 

K ( q i ft £) : = sym G (qi) F (q2) 2 TT <5 (qi + q2 + i) : = - (2 n)2 k (ft q2) 6 (ft + q2 + £), 

# i ( f t f t f t £ ) : = sym G (qi) F (q2) F (q3) 2 71 d (qi + q2 + ft Hr I) 
?2 93 

: = — 2jr/*i(ftftft)<5(ft + q2 - f ft + £), (6.8) 

H2 (ft q2 ft ft) : = sym G (ft) F (q2) F (q3) F (ft) 2 71 d (qi + q2 + q3 + ft) 

'• = — h2 (qi q2 q3 ft), g(q): = — Q ( q ) 

where G and F1 are FOURIER transforms of ö and JF which are discussed in Sect. 10. We still have to observe 
the subsidiary condition (2.8) for stationary functionals. We do not transform it explicitly because we are 
going to show in Sect. 8 that by means of our solution procedure this condition is satisfied automatically. 

7. General Solution Procedure 

The system (6.7) is a system of integral equations but not in the common sense. Irrespective of the fact 
that it is an infinite system (6.7) contains a lot of (5-functions and of "unbounded" variables, i.e. variables 
over which no integration has been carried out. Therefore we have first to prepare our system before we 
are able to integrate it. The first step consists in removing all (5-functions from (6.7) which are integrated 
with the unknown ^-functions. Defining the functions 

<Pm(ft |ft ...qm-l) • = Sim (i, ft — I, ft •••ftn-l)d! (7.1) 

we may write the system (6.7) in the following way 
m 

mq>ta(qi...qm)=J4g (ft,) J 931w+2 (ftt - V W ^ • • • ftJ dV 

m 
+ 3 2 * (ft, ftJ (p^m (ft, + ft21 ft3 • • • ftJ + rm (ft . . . qm) (7.2) 



with 
m 

rm{qi---qm)-- = (qh) d (qh + qh) ym-2 (qh ... qXm) 

m 
+ 3 2 ^ 1 q?.2 q>.3) im-2 (qh + q>.2 + q>.3> qu • • • qü ("-3) 

m 
+ 2 (qh qx, q>., qj ym-\ (q^ • • • qü • 

From (7.2) follows that one has to pay for the removal of the ^-functions by the introduction of the new 
unknown functions Of course, these functions are calculable. Applying the "contraction" operation 
(7.1) to the system (7.2) one obtains a system for the 99^-functions but this system now contains double 
contracted «^-functions etc. The necessary procedure for obtaining a closed system of integral equations 
can be presented in a systematic way. To perform this we specialize to the case of state functionals for 
stationary states of even parity. Then only even indices m = 2, 4 . . . do occur in (6.7) or (7.2) respectively. 
The case of odd parity can be treated in complete analogy. Assuming now a completely symmetric set of 
FOURIER transforms /2M(91, q2m) of a state functional G(?) we can define the following contraction 
functions 

i\m (tfl • • • qk I qk+1 • • • 92m-*) : = Pk • • • Pi flm (gi • • • 92m) 

: = J/2m(£1 • • • h, qi — £1 • • • qk — h, qk+i • • • qim-k) d £ i . . . (7.4) 
with /2m : = j\m. Now we apply the contraction operators Pk . . . P i (k = 1. . .ra) to the Eqs. (7.2) for even 
ra. This results in the system of equations 

k 
[ra - 3 J k1 (qj)] f L ( ? i • • • qk \ qk+i. • • qim-k) 

;=i 
2m—k 

= 2 9 (?Ai) J Ä + 2 (?i • • • qk rj \rj qh ... qh { m_k )) d rj 
*i=A +1 

k 
+ 2 2 S^iq,,x - £) <P2m+2(q^ • • • % — rj-^l^rj, qk+1 • • • q2m-k) d£drj 

m = i 
2m—k 

+ 23k(friVh) Ä 1 (91 •••qk- qxi + Iq?>,• • • sw-*)) (7-5> 
(M2)=A +1 

2m —k k 
+ 2 2 2 — £) vim (qn 2 •••q»*' q>u + _ £ I £> • • • 

2 ( m - f c ) 

k 
+ 4 2 3 Jk(qMl - I q ^ - r j ) cp\~1 (qM3... ^ , ^ + - £ - r? 1117 • • • q2m-k) d^ 

C"1 —1 
+ r2m(qi •••qk | 0*+l • • • qzm-k) (m = 1, . . . , oo ; & = 1, . . . , m) . 

The details of its derivation are given in Appendix III. It is remarkable that the system (7.5) is a closed 
system in the unknown functions y\m (ra = 1, . . . , oo; k = 0 , . . . , ra) because the equations (7.5) become 
for k = ra 

m 

; = 1 m 
= 2 2 J^ (^ i - £) A + 2 • • • ; ^ - £ - I 

m 
+ 4 2 - - »?) • • • ^ + ?/«, — ^ — (7.6a) 

C"1 i"2) — 1 



The last term r™m (q\.. .qm\) reads in a symbolic 
notation, the precise details of which being given in 
the Appendix III, 

m—2 <" + 2 

r£n(qi...qm\)= I Z W g f a . (7.6b) 
/Li=m — 1 v=fi 

Therefore the system for the contraction functions 
cp\m (Jc = 0 , . . . , m) terminates with cp™m and no higher 
contraction term occurs. So (7.5) can be used instead 
of (6.7). 

For the solution of the infinite systems we now 
use approximate functionals 

S f ( ; ) : = 2<P2m(N)D2m(j). (7.7) 

We do not discuss here the question of convergence 
for N going to infinity, but only the calculation of 
(7.7) for arbitrary N. Formally the use of (7.7) can 
be defined by putting cp2oL~0 for c c > N and then 
calculating cp2 ... cp2N from the first N equations of 
(6.7). By our contraction procedure we transformed 
(6.7) into (7.5) and perform calculations with this 
system. From (7.4) follows in this case that 9?|a = 0 
for tx> N and & = 0 . . . a . Therefore the truncation 
procedure for (7.5) is defined by putting cpfa = 0 for 
a > N, k = 0 . . . a and then calculating cp\a for 

a = I,..., N and k = 0 , . . . , a 

from the corresponding equations of (7.5). 
Writing the Eqs. (7.5) in symbolic form we have 

the system 
m +1 A + l ( m — l oo) 

<Pk2m= I I Wfincp[n\m Z o (7-8) 

and obtain for the calculation of (7.7) the truncated 
system 

m +1 A + l (m _ l 7y\ 
<pL(N)= I I C A W i-o""'mV 

( 7 . 9 ) 

Then we have to integrate (7.9) explicitly. This will 
be done in details in the following Sect. 9 for the 
case of A ^ = l and N = 2. Here we only want to 
sketch the general method. To do this it is not 
necessary to write down all indices explicitly. We 
rather use a shorthand notation. We define a sub-
set of functions cp\m by the symbol 

and for any operator we define its projection 
on this subset by 

°<« . / » := O t f t , ! I S;i-,V.f.m.J . P - " ) 

Now we start with the lowest possible equation of 
(7.9) for cp\, which reads 

cpl(N) = I f xi 9̂ 2 (N) + W°A <p\ (N) + Wl\ cp\ (N) 

( 7 . 1 2 ) 

where all other terms drop out according to the 
structure of ( 7 . 5 ) . Then the remaining equations of 
( 7 . 9 ) read in the notation of ( 7 . 1 0 ) and ( 7 . 1 1 ) 

0 N ( 2 , N ) = W ( 2 , N ) • 0 y ( 2 , N ) + (8 ( 7 . 1 3 ) 

where (5 contains all terms with cf \ and cp\ i.e. 
l (m = 2 N\ 

Then we construct the G R E E N function for ( 7 . 1 3 ) 

namely 

G ( 2 , I V ) : = [ 1 ( 2 , N ) — W ( 2 , N ) ] _ 1 ( 7 . 1 5 ) 

and apply it to ( 7 . 1 3 ) obtaining so 
0n(2,N) = G(2,N)&. ( 7 . 1 6 ) 

From all these functions we only need 9941 which 
reads according to ( 7 . 1 6 ) 

cp\ (N) = £ 0\ln (N) J W& cp% (N) : = S0q>l + S1 cp\. 
nl e=0 

( 7 . 1 7 ) 

This inserted into ( 7 . 1 2 ) results in 

cp°2(N) = [If?? + wUsd<pl (N) + [If?{ + w f M c p l 
( 7 . 1 8 ) 

or by inversion 

( 7 1 9 ) 

In abbreviated form this can be written 

cpl(N) = Q(N)cpl(N). ( 7 . 2 0 ) 

When we apply the contraction operation on ( 7 . 2 0 ) 

we have 

[l-QHN)]cpl(N) = 0 ( 7 . 2 1 ) 

0(«,ß): = <pk2m\ , 
m = a, 

0, 1 , . . . , m ( 7 . 1 0 ) 

and after introduction of center of gravity coordi-
nates by 

<pl(q) = J>S(g - = const • 6(q - co) ( 7 . 2 2 ) 



we obtain an eigenvalue equation for the calculation 
of the approximate eigenvalue con corresponding to 
the approximated functional (7.7) 

QHN-,(ON)=1. (7.22) 

As one easily recognizes, the main calculational 
problem is the construction of G(2, N). We want to 
demonstrate how to do this. 
We start with solving the truncated system (p\nl 

(Jc = 0 , . . . , m) for the highest fixed index ra = N and 
then for the highest possible k — m = N. 

Wre receive from Eq. (7.6a) 

<P2N — ^A^V~1 <P2N 1 + r2A7[992(JV-l)) f$(N-2)\ • (^-24) 

Inserting this in the next lower equation of (7.9) 
having k = N — 1 we get an equation for 1 hav-
ing the structure written in an abbreviated form 

[1 - K^-V] <p»N-i = W 1 J " ' 2 • tff* (7.25) 

+ R^N'^iVztN-l)' f\(N-2)\ 

with the solution 

< P 2 N X = N N N ~ X ) n - 1 ? - 2 • A - 2 (7-26) 
+ An-2)] 

where is the resolvent of (1 - Then 
can be inserted into the equation of (7.9) for 

k = N — 2 resulting in a new resolvent operator 
and so forth. It can thus be seen that in the 

case m = N we have to construct N resolvents JH^ 
(k = 0 , . . . , N — 1) to obtain (p» y as a functional of 
<P2(N-i) a n <l *p2(N—2)' From (f ®N we can get the whole 
^l^-system (k = 0 , . . . , N) by simple integrations ac-
cording to its definitions (7.4). 

Now we can use the next lower equation system 
of (7.9) i. e. that for ra = N — 1 and insert the known 
functions cp\N (k = 0,...,N) which are given func-
tionals of 9?2(at-d a n ( l 952(Ar-2)- Then we obtain in 
abbreviated form the equation system for 9?2(A'-i) 
(k = 0,...,N — 1) 

+ r2(N-\)W2(N-2)> ^2(.V-3)] 

which has the structure of the equation system (7.9) 
for N — 1. Thus we can use the same procedure as 
mentioned above and have to construct N — 1 resol-
vents to get the functions (pk(x-\) which can be in-
serted into the equation system (7.9a) for ra = N — 2 
and so forth. Finally we terminate with the desired 

(f i cp\, (^-system after the cp\ have been inserted. 
If this system is solved one obtains ( 7 . 1 7 ) and there-
fore by the procedure described one has constructed 
the resolvent operator G^(N) w hich is only of inter-
est. Of course, the remaining G^n (N ) (m = 3 , . . . , N, 
k = 0 , . . . , ra) can be constructed, if necessary, by the 
same method. As one recognizes easily the construc-
tion of GJJ, (N) requires the construction of 
N{N — l) /2 partial resolvents. In Sect. 9 and 10 this 
method will be discussed in detail for N = 1 and 
N — 2 and the existence problem of the partial resol-
vents is examined. 

8. The Condition of Stationarity 

Stationary functionals are characterized by the 
subsidiary condition (2.8). Therefore we have to 
demonstrate that the solution procedure sketched 
in the preceding section and leading to an eigenvalue 
equation does satisfy (2.8) i.e. that the eigenvalues 
con calculated according to Sect. 7 are the required 
ones by the eigenvalue condition (2.8). To do this, 
we first represent (2.8) by DYSON functionals. Using 
the general DYSON expansion ( 6 . 1 ) for the state 
functional, Eq. (2.8) can be written in our symbolic 
notation 

oo 
2Pfcpl(Q)= -icoQ<Pk(e) (8.1) 
Z=1 

with 

P\-. = \DH j) j (t) ~ dt Di ( j ) d j . (8.2) 

Explicit evaluation gives 
k a 

P\ = d{ö(h[- h') h') J -dtk (8.3) 

i.e. Pj is a diagonal operator. Transformation of 
(8.1) in FOURIER space then gives the equation 

n 

[ 2 (?1 • • • qn) = OJg (pniqi - - qn) • (8.4) 
i—1 

Specializing on states of even parity, we may apply 
the contraction operation of Sect. 7 on (8.4) and 
obtain in this way the subsidiary conditions 
2 m—k 
[ 2 l i ] <PI « • • • | qk+1 • • • ?2m-Jfc) 
i=l 

= MQ<pkm(qi •••qic\qk+i •••qim-k) (8.5) 
(ra = 1 , . . . , oo; k = 0 , . . . , m ) . 



So far Eqs. (8.1) to (8.5) are valid for the exact 
stationary state functionals. Assuming now an 
approximate functional (7.7), not only the dynami-
cal equations (7.8) have to be truncated but also 
the Eq. (8.1) respectively (8.5). 

This gives 
JV oo 
2 PUl (N) = 2 PLe <pl (N) - » Mg (n) 

(k=l,...,N) (8.6) 

due to the diagonal structure of Pf. Therefore (2.8) 
has to be exactly valid for the approximate func-
tionals too. Of course, then the equations (8.5) have 
to be satisfied by the cp\m{N) also. Now the problem 
can be formulated as follows: According to Sect. 7 
only cp\ and 99° a r e properly chosen to satisfy (8.5). 
If one calculates the higher 90-functions by the 
outlined procedure do then all cp\m(N) satisfy (8.5) 
automatically or not ? To make clear that this 
condition is satisfied in any approximation step we 
use the symbolic notation of Sect. 7. Defining the 
total sets 0 ( l , o o ) : = 0 and the corresponding 
operator 0 ( l , o o ) : = 0 the subsidiary condition 
(8.5) may be written 

Po&g = cog&g (8.7) 

for the exact physical state functionals. Therefore 
the operator of Eq. (7.8) written symbolically 

0 e = W&g (8.8) 

has to commute with Pq and it can easily be seen 
that this condition is fullfilled. 

[Po,W]- = 0. (8.9) 

Observing now, that Po is a diagonal operator, the 
commutation relation (8.9) has to be valid also for 
any subset indices a, ß namely 

[Po(a,/3), W{a,/S)]_ = 0 . (8.10) 

Then from (8.10) follows also 

[P0(2, N), [1 (2, N) - W(2, N)]]- = 0 (8.11) 

and from this one concludes easily, that 

[P 0 (2 ,N) ,G(2,IV)]_ = 0 (8.12) 

has to be valid too. Assuming now the inhomo-
genious term (* of (7.13) to be an eigenfunctional of 
P 0 (2 , N), namely 

P0{2,N)® = (oN® (8.13) 

we then have from (7.16) 

P0 (2, N) 0n(2, N) = G(2, N) P0 (2, N) 6 
= CONG{2, N)& = OJn0n(2,N). (8.14) 

Therefore 0^(2, N) satisfies the required subsidiary 
condition if (8.13) is fulfilled. Now our general 
solution method requires 9?® a n d (pl to be eigen-
functions of P o ( l , l ) according to (7.22). Inserting 
(7.22) into (7.14) one easily proves (8.13). Therefore 
by our solution procedure any approximate func-
tional automatically satisfies (2.8). 

There is still another point of view, expressing 
the same fact. According to the subsidiary condition 
(8.5) we should have solutions like 

(plm (?1 • • • 9k I 9k+1 • • • 92m-k) (8.15) 
2m—k 

= <5(2 9i- Me) xim (91 • • • 9k \ 9k+1 • •. q2m-k) • i=1 
Roughly this can be written 

0Q = d{P0- (Og-l)xo- (8.16) 

If we insert the solution (8.16) of the subsidiary 
condition (8.7) in the general system (8.8), we have 

<5(P0 - tt>e • 1 ) X e = W d ( P 0 - c o e - 1 ) XQ 
= d(Po-a)g-l)WXe (8.17) 

according to the commutation relation (8.9). We 
therefore have to solve the system 

zt=ir-x* ( 8 - 1 8 ) 
as long as it expresses a functional relation between 
the different and does not influence the range 
of the variable q\, . . . , qzm • Especially because the 
operator PFhas not been changed, the system (8.18) 
is formally the same as that which we have got in 
the preceding section. Using the solution procedure 
described there we get finally an equation similar 
to that we have got in (7.21) 

[l-Q(N;q)]d(q~cog) = 0 (8.19) 

where we have recognized that — const ac-
cording to (7.22). This results after g-integration in 
Eq. (7.23) 

Q(N-,co e )=QHN-, (Og ) = 1 . (8.20) 

Thus, by imposing the translational condition (7.22) 
on (pl, transforming it into centre of gravity co-
ordinates, it is guaranteed that the higher 
(p2m (91 ••• 92m) and its contracted forms are trans-
lationally invariant, i.e. they show the structure 
(8.16). 



9. Integration of the Approximate Systems 

We now explicitly demonstrate the method of 
integration for the truncated systems (7.7) in the 
simplest cases, i.e. N = 1 and N — 2. For N — 1 
we have q®, <pl and all other cp\m are equal to zero. 
For reasons of simplicity we denote (p\ only by cpz 
and (pi by qz- Then, according to (7.5), the two 
equations for (pi and (pi read 

2 (pz (qi qz) = 3 k (gi q2) <£2 (qi + qz) , (9.1) 

2 (pz{q\) = 3 k{qi)'<p2 (qi)- (9.2) 

As long as one does not intend to perform norm 
calculations Eq. (9.1) is not required at all. For the 
eigenvalue calculation only Eq. (9.2) remains. 
Putting 

(?i) = c0 • d (gi — co) (9.3) 

we obtain from (9.2) by inserting (9.3) the secular 
equation 

§k(oj) = l. (9.4) 

This equation corresponds to the lowest N.T.D. 
equation in nonlinear spinor theory of elementary 

particles which only contains a local graph. For the 
numerical evaluation of (9.4) we observe the defi-
nition of k(qi, qz) given in (6.8). The functions G 
and F are discussed in Appendix V. Then we obtain 
for the contracted k of (9.4) by substituting G and 
an approximated Fapp from Appendix V 

(a -f a>i) 
a • oji 

app{£) d£ 
1 

[co2 - (a + a>i)2]~ - ( 9 - 4 a ) 

The values of a and co\ are also given in Appendix V. 
Substituting (9.4a) in (9.4) we get the solution 

ft)|0= j/6 • wi = 2.8009 (9.4b) 

which in comparison with the exact value co20 
= 2.538068 gives a derivation of roughly 10%. 

Now we turn to N — 2. For N = 2 the functions 
<p°2, cpl, cp\, cp\, cp\ are unequal to zero and all 
other (p\m disappear. For simplicity reasons we 
denote these functions by cp2, cpz, (ft, <P4, cpi- Then, 
according to (7.5), the system of equations for the 
calculation of these functions read 

2 cp2(qiq2)=^g(gj f (p4(qx, — y \yq*2) dv + 3 k ? a ) <pz{qi + qz), 

[2-3 k (9i)] yz(qi) = 2Sg(q1-t)y4(q1-£-r]\£r]) d£ dr], 

4 <fi {qi qz 93 94) = 3 2 k (qx, 9;.2) ?4 {qx, + 9;.21 9a3 9;4) + r4 (9192 93 94), (9.5) 

2 
[ 4 - 3 k (93)] <p4 (93 I 9 i 92) = 6 2 J k (qxx, 93 - y) {qx, + 93 - y \ qh y) drj 

h=1 
+ 3 k (91 qz) cpi (9i +92,93) + r4 (q3 | qi q2) , 

[4 - 3 k(qi) - Sk(q2)]q>i(qi,qz) = 12 fk{qi — f , 92 — y)~<pi(qi + 92 — £ — y y) df d^ 
+ r 4 ( l , 2 ) 

with g(q)—'. (2.T)-2 G(q) (— 1). As long as one does not intend to perform norm calculations but eigenvalue 
calculations not all equations of (9.5) are required. Defining 

/ I ( 9 I ) : = [ 4 - 3 % I ) ] - i and f2(q1} q2): = [4 - 3 % i ) - Sk{q2)]^ 

the required equations are the following 
2 

2 (P2 ( 9 1 , 9 2 ) = 2 9 (9xx) J (qxX -v\v> q>- 2)
 dV + 3 k ( 9 1 > 9 2 ) <p2 ( 9 1 + 9 2 ) > 

2 

Cpl (93 I 9 1 » 9 2 ) = / 1 (93) {6 2 J k (9AX — cpl (qxX + 9 3 - rj \ g;.2 rj) drj 

+ 3 k (91, qz) (pi ( 9 1 + 9 2 , 93 ) + r4 (93 I 9 1 9 2 ) } > 

(9.6) 

(9.7) 

<pi (91 > 92) = /2(9i92) { 1 2 J k (qi — f . qz — rj) (p4{qi + q2 — f — rj \grj)dgdrj + r4(qi, 92)} • 



Without further manipulation from (9.7) 994 can be eliminated. Defining the abbreviated expressions 

9 ( f t ; 9i 92) : = 3 / i (ft) f2 (qi + q2, ft) k (ft ft), (9.8) 

R(qs \ ft ft): = /1 (ft) {^4 (ft I ft ft) + 3 A; (ft, ft)/2(ft + g2, ft) (ft + ft, ft)} 

we obtain after the elimination of <794 from (9.7) the system 
2 

2 <?2 ,q2)=J^g (ft,) J 94 (gAl — rj\rj, ft2,) d^ + 3 k ( ft , ft) <p2 (qi + q2) , 

2 
9>4 ( f t I ft, ft) = 6 / 1 ( f t ) 2 f * ( f t ! , ft - *?) ^ 4 ( f t x + ft - v I ft2 >?) ( 9 - 9 ) 

+ 12gf(ft; ft, ft) jk(qi + ft — ft — 77) fti(ft + ft + ft — I — ?? | 
+ -ft ( f t ; ft, ft) • 

Now we should eliminate 994 but this cannot be done in one step because in the equation for 994 two different 
types of integrations occur. We first remove the term with the single integrals given by the sum of the 
right-hand side of (9.9). Using the symbolic notation 

6/1 (ft) J k (ft, ,q3-rj) ^4 (ft, + ft — rj \ qh rj) dr] : = Kh^4 (9.10) 

we write the 994 equation in an abbreviated manner 

= (K1 + K2) ^4 + / (9.11) 

where / contains all the other terms occurring in this equation. In the following section the resolvent 
operator R for a kernel of the type K in (10.11) is constructed. In our symbolic notation it obeys the 
resolvent equation 

A 1 Kiit = Kh rh = rh - Kh . (9.12) 

For the solution of (9.11) one has to construct a symmetric resolvent operator. According to a proposal 
of W A H L 14 this operator reads 

P i : = [l + A + A ] . (9.13) 

Applying P\ to (9.11) we obtain by observing (9.12) the symbolic equation 

[1 — A A ' z — F 2 K x ] = Pi / • (9.14) 
Evaluating (9.14) explicitly by means of the definition of the resolvent operator for K in (10.6) we obtain 
for 994 the equation 

9?4(ft I ft ft) = J ( f t ; ft ft, £ ??) <£>4 (ft + ft + ft — I — rj \£r])dt;dr] + A f t J f t f t ) (9.15) 
with 

A{q3\qiq2, £ rj) : = 1 2 g ( f t ; f t f t ) k(qx + ft - f , £ — »7) 
2 

+ 6 2 A f t ; ft,£) fi (ft2 + ft — I) &(ft,,ft2 + ft — ! — f?) (9.16) 

2 

+ 1 2 2 J A f t ; f t 2 > f t 2 + ft - o ) g ( o ; f t , , f t 2 + ft - ? ) * ( f t + ft + ft - 1 - e , e - ??)do 
Ai = l 

2 
and ^ ( f t ; ft ft): = Ä ( f t ; ft ft) + 2 f A f t J f t u p ) ^(ftx + ft — e; ft2o)do . (9.17) 

*i=i 

1 4 F . WAHL, personal communicat i on . 



Now this equation for 994 only contains one type of integration. The solution procedure for such an equation, 
i.e. the resolvent construction, is also discussed in section 10. According to (10.12) we may write the 
solution of (9.15) 

9^4(93 I qi,qz) = F(q3:qi,q2) + j A(q3:qiq2, grj)F(qi + q2 + q3 — £ — rj] rj) dtjdrj (9.18) 

with A as the resolvent operator. Now we are able to insert 994 into the 992-equation of (9.7). B y so doing 
we obtain our last equation 

2 
2 (f 2 (gi 92) = 3 k (9192) <p2 (91 + 92) + 2 9 (9aJ F (9;., | 9;J 

Xl = l 

+ J P ( 9 ! q2rj £)F(qi + q2-rj-Z;V,Z)drjdZ (9.19) 
2 

with B (9192 »?£): = 2 9 (fci) A (qh | 9a2 V f ) (9.20) 

where the bar across the functions denotes the contraction operation (7.1). This equation is already the 
desired secular equation in the approximation N = 2. In order to verify this we only have to evaluate 
the function F of (9.17) explicitly. B y doing so we obtain the following equation 

^2(9192) = Si(9192) q>2(q\ + 92) + J*$2(9192£)(p2(£; 9i + 92 — £)d|. (9.21) 

The functions Si and S 2 are calculable b y a rather complicated system of recursion formulas given in 
Appendix IV . Here we only sketch the further integration of (9.21). According to Sect. 10 there exists 
a partial resolvent II for S2. Applying it to (9.21) we obtain 

<P2 (9192) = [Si (9192) + jn(qi 92 £) Si (£, 91 + 92 - i) d|J <p2 (91 + 92) • (9.22) 

By contraction follows the equation [Si (91) + [FI(qi 11) Si (£, 91 - 1 ) d | - 1] cp2 (91) = 0 (9.23) 

and with (9.3) the eigenvalue equation for the approximation N = 2 

1 = Si (OJ) + JJ7(ft) 11) Si (i , ( 0 - i ) d i . (9.24) 

It has to be stressed, that (9.24) is an exact equation for the truncated system N = 2. Further approxima-
tions are only necessary for the numerical computation of the partial resolvents _T, A and 77. As already in 
the lowest approximations of _T, A and 77 the numerical work is considerable in solving (9.24), we do not 
try to give any numerical value here. 

Finally we discuss the connection of the integration procedure given here with quantum field theory. 
Considering this procedure, one immediately recognizes that all steps done in the foregoing are independent 
of dimension, i.e. any variable q occuring in the preceding equations can be thought as a multidimensional 
variable q — (qi,... ,qn) especially as a variable of the four dimensional LORENTZ space. Therefore all 
operations can immediately be applied to nonlinear spinor theory, provided that all functions appearing 
are sufficiently regularized. The only difference arises f rom the fact, that all eigenstates of the anharmonic 
oscillator are base vectors of the AßELian translational group, whereas in nonlinear spinor theory the 
rotation group plays a role. Therefore by applying FREDHOLM theory for the construction of the resolvents 
r , A and 77 one probably has to expand first all kernels according to the irreducible angular momentum 
representations. The same has to be done for the solution of (9.21). This prevents to come to such a simple 
eigenvalue equation like (9.24) in nonlinear spinor theory. Because after expansion with angular momentum 
representations (9.21) becomes a genuine nonlocal equation and the eigenvalues cannot be calculated by 
(9.24). But still after this expansion FREDHOLM theory is applicable for numerical computation. So we see, 
that nonlocal graphs in a theory with local interaction play a role due to rotational invariance. I f this 
rotational invariance does not occur like for the anharmonic oscillator the eigenvalues can be determined 
from local graphs only as given by (9.24). The question of angular momentum representation o f kernels 
is discussed in detail in a paper of DÜRR and W A G N E R 15, but here it is not in the range of our investigation. 

1 5 H . P. D U R R and F . W A G N E R , M a x - P l a n c k - I n s t i t u t für Phys ik und Astrophysik , Munich , preprint [ 1 9 6 7 ] . 



10. Construction of the Partial Resolvents 

We finally discuss the explicit construction of the partial resolvents used in the previous section. We 
first consider the problem of the construction of r X l . According to (9.10) it is the resolvent of an equation 
of the following type 

V (?3 | qi qz) = 6 / i (q3) J k (qh ,q3~y)y (qh + q3 - rj\rj qh) dr] + / (q3; qi q2). (10.1) 

Now we substitute qh = a and q3 = ft — a in (10.1) where according to (8.15) we have ft = to — qh. Because 
ft appears only as a parameter, we assume that ft has an arbitrary but fixed value, and define 

y>(& - a| a q i t ) : = x(ol) , 6fi(ft - a) ft - a - rj): = M (a, y, ft), f(ft - a; a q h ) :=g(a). (10.2) 

Then Eq. (10.1) can be written 

X ( a ) = J M ( a , y ; ft) X ( y ) d y + g ( a ) . ( 1 0 . 3 ) 

The kernel M(a.y, ft) is explicitly given by 

M{oiy, ft) = 4 - ^G'(g)F{ft - o l - g)dQ ^ • [G'(x)F(ft - x - y ) + F(y.)G'{ft - a - y)] (10.4) 

according to (10.2), (6.8) and (9.6). The functions G and F follow from Appendix V. We observe that the 
kernel M(y.rj\ ft) is an analytic function of the parameter ft and is built up by functions of the type 

/ (a; ck) = : [a2 - cf + i e]-1 (ck > 0, reel). (10.5) 

These can be integrated only in the F E Y N M A N N sense; especially one can define A scalar product in the 
space of them by the definition 

( / i , h ) = : J / (a; ci) • / (a; c2) da = [2 C l c2 ( d + <*)]"1 (10.6) 

showing all required properties of a scalar product. Calculating the norm of M (xy, ft) with this prescrip-
tion we get 

(\l2jii)2jM(<xy; ^ ) 2 dad/ ? = d{ft) (10.7) 

where d{ft) is a meromorphic function of the parameter ft which is also built up by functions / (a; Cf). This 
means that the function d(ft) is bounded except in the surroundings of possible poles fti. Thus we have 
some corresponding domains Bi with 

| d ( ft) | < Ki for ft £ Bi (Kt > 0) . (10.8) 

Therefore we now can apply F R E D H O L M theory16 for the resolvent construction of ( 1 0 . 3 ) in these domains 
and obtain in this way 

X ( A ) = g ( A ) + j T i ( a y ; ft) g ( y ) d r j . ( 1 0 . 9 ) 

For each domain Bi, the ri(cx.y; ft) are also square integrable in the same way as M(xy, ft). Continuating 
Fi(<xy; ft) from one domain to the others we should get one single FREDHOLM resolvent r(v.rj; ft) with 

r(ay;ft) = R(y.y;ft)jD(ft) (10.10) 

where R(<xy ; ft) is the F R E D H O L M minor and D(ft) the FREDHOLMian determinant of M(cny, ft). Further 
investigation on this subject is done in an other paper. Returning to the original variables the solution 
of (10.1) goes over into 

V {qz | qi qz) = f (?3; q\ qz) + J r(q3; qh rj) f (q3 + qh - y; y qXi) dr). (10.11) 

1 6 W . SMIRNOW, Lehrgang der höheren Mathemat ik I V , V E B Ver lag der Wissenschaften , Berlin 1958, Chapt . I , 34. 



Now we turn to the construction of A, being the resolvent of an equation of the following type 

^ ( f t | f t f t ) = fA(q3; qiq2; £rj)y>(qi + q2 + ft — I — rj\£rj)d£drj + f(q3\qiq2). (10.12) 

As before we substitute ft = a, q2 = ß, q3= & — cc — ß in (10.12), where according to (8.6) we have & = co. 
Defining 

Y > ( 0 - a - 0 | a j f f ) = :*(<*/?), ß\*ß;£ri) = :M(xß;£rj; &), f ( & - x - ß \*ß) = :g(*,ß) 
(10.13) 

Eq. (10.12) can be written X(v.ß) = J i / (aß\£r\\ #)*(£??)d£drj + g(v.ß). (10.14) 

Again we have to discuss the properties of the kernel M(a.ß\ ; &) which reads explicitly 

M(a/9; £rf, 0) = 3 6 / i ( 0 - a - ß)f2(a + ß; <& - a - ß)k(«.ß)k(v. + ß - f , £ - v) 

+ 6Sym - a - ß; a, | ) / i ( # - ß - £)k(ß, 0 - ß - £ - v) 
a/3 

+ 36Sym f r(& - a - ß, a, # - ß - g) /I (p) f2 (& - g, g) (10.15) 
a/3 

X k(ß, & — ß — g)k{& - £ - 0 , 0 - d o . 

Like in the case of r, M (ccß; tjrj; &) is built up by functions / (a ; c*). Keeping in mind the definition of 
/i(g)> M f t > ft) and k(qi, ft) and that -T(ft; g i f t ) has also to be of that type we can use the same argu-
ments as before to construct the FREDHOLMian resolvent of (10.14). So we obtain 

X(*ß) = g(ctß) + $A(xß: #) g (£ rj) d£ dv . (10.16) 

A having the form as in (10.10). Returning again to the original variables (10.16) results in 

y ( f t | f t f t ) = / ( f t | f t f t ) + j A{q3; ftft; £??)/(ft + q2 + q3 — I — r] \ £ rj) d£ drj. (10.17) 

The resolvent 77 is constructed in the same way as the resolvents r and A. Therefore only considerations 
about the integrability of the kernel are necessary. They run on the same lines as before, because the 
kernel is also composed by functions of type (10.5). 
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Appendix I 

We demonstrate the differentiation of a time-ordered product. It is most instructive to start with the 
T-product of q(ti).. ,q(tn) p(t) which can be written 

Tq(h) ...q (tn) p (t) = P £ [ P ( « ) q ( F J ...q ( t j 0 (t - t j 0 (th - t j . . . 0 (t^ - t j 

n-1 
+ 2 q K ) • • • qK)v(0q(hk+1) (hn)0(tK-«J... 0(tX k - 1 ) 0 ( t - tXkj... 0(t^ - t j 

k=1 
+ q(th) ...q(hjp(t)0(th - t j ...0(t,n - t ) ] . (1.1) 

Using the auxiliary formulas 

0 (th - t ) 0 ( t - th) = 0 (th - tXt) [0 (t - t,2) - & ( t - t, J , (1.2) 

#(t - tXl) : = l[0(t~ th) - 0(th - t)] (1.3) 



we obtain from (1.1) 
n—1 

Tq(h)...q(tn)p(t)=P J ] 1 0 ~ ^ J [ P (0 ? J © (* -
ij-.-in i = l 
n-1 

+ 2 • • • q(hk)p(t)q(hkJ • • • </(*,„) - hk+1) (1.4) 
Ä = 1 
n-1 

- 2 ? ( ' J • • • ? f t ü p ( 0 1 ( O • • • 9 ( « J # ( ' - + q - - - q ( h k ) v ( 0 0 O J 
A = 1 

n—1 
= p 2 n 0 - ' * « ) U 0 ( ' - U V ( 0 q K ) - & ( t - t j q ( t X l ) v ( t ) ] q ( h 2 ) -- q(hk) 

Xi..X„ 1 = 1 
n-1 

+ 2#(t ~ t ^ q ^ . - . q ^ i p « ) , q(hk)]q(hk+1) ...q(tXk) 
k = 2 

+ q^J-.-q^J [$(t - hn)p(t)q(tXn) + 0(tXn - t)q(tXn)p(t)j} 

from this follows by differentiation observing (1.1) and (1.3) 

gt Tq(tx)...q(tn)p(t) = - Tq(h)...q(tn)q*(t) 

- » P 2 h 0 ('* - I d ( ( ~ 9 ( t j • • • ? (txkJ e ( t j q (tXk+1) ...q ( t j (1.5) 
i = 1 k = 1 

with [p(t),q(t)]-: = -ie(t). (1.6) 

Because of the d-function tXk can be substituted by t and e(t) is the unity matrix. Thus the last term in 
(1.5) can be written 

- i 2 (5 (t - tr) [ 2 P 2 U 0 (tx, - hl+1) q (th) ...q (hk_J q (tXk+1) ...q (tj]/hk _ hr 

r= 1 A-=l Xi...i.k-iJlkJ-i...An i = 1 
tr 

= - i Z ö ( t - t r ) P 2 q (U • • • q (hnJ [0 (tr ~ tXl)... 0 - t^J 
r=1 

+ 0 (th - tr) 0 (tr - h2) .. .0 (tXn_2 - tXnJ +•••+© (tXl - tXi) ...0( t ^ - tr)] (1.7) 

= -iZd(t-tr)P2 t l 0(hi~hi+l)q(h1)---q(hnJ 
r= 1 A1...V1 i=l 

+ r 

x [0(tr - tXl) - ft (tr- tXl) + ft (tr- t i n J + 0(tXn_, - tr) J 

= i 2 6 (t - tr) p 2 q K) • • • q fouJ n 0 - ' * « ) • r=l A1...V1 i = l 
Therefore we finally obtain 

8 n 

wTq(h)...q (tn) p(t)=-Tq(h)...q (tn) q* (t) - i I d(t - tr) Tq(h) ...q (tr-1) q (tr+1) ...q(tn). (1.8) 

Replacing in (1.1) p(t) by q(t) and performing the same operations we further obtain 

~ Tq (h) ...q (tn) q(t) = T q(h) ... q (tn) p (t). (1.9) 

Now we use both formulae for the derivation of the functional equation. We have 
ft 00 C 

W(t) %e(j) = J o n T ~ j < 0 1 T q { [ t ) q • ' " 9 1 j " " j ( l w ) d h " ' ' ( L 1 0 ) 

d S 00 (i)n+1 r -di 8j(t) ( f i = J 0 H T - J <0\Tp(t)q(h)...q (In) | j (h) • •. j (*») dfx . . . d f , (1.11) 



and by further differentiation and substitution of (1.8) into (1.11) 

d2 ö 00 (i)n C 
w - m % e i i ) = J o ^ { i ) S J < 0 1 T q 3 { t ) q { h ) • • , q ( l n ) 1 W q ) j d h • •• ••d|ra ( L 1 2 ) 

00 (i)n+1 n f 
- 2 —1— 2 | <01 ( fx ) . . . gr ( f r_x ) 9 ( ^ x ) . . . gr ( fÄ ) I y ( f x ) . . . / ( f r_i) 7 (0 7 ( f r + i ) . . . 7 ( f 1 . . . 

n = 0 n - r= lJ 

changing the integration variables in (1.12) we finally obtain 
d2 ö <53 

dt2 dj(tj = SjW + ' (L13) 

Appendix II 

Here we discuss the explicit calculation of the operator representations (6.2) and (6.3). First we remember 
that all D Y S O N base functionals can be written in the form 

Dk(j) = Fk(j)exV{-^j(£)F(£-ri)j(r])d£drl} ( III) 

whereas the reciprocal base functionals are given by 

DHj) EE Si(j) = Fl(j) e x p { ! $ j ( £ ) F ( £ - V)j(rj)d£dr]} (II.2) 

with Fl{j) = Ri(j) defined by (4.3) and (4.4). Then we have by inserting (II . l ) and (II.2) into (6.2) and 
(6.3) 

= S F H j ) j(t) - I ^ d t F ^ d j (II.3) 

and C\ = jFH j) j(t)G(t-t')n[( j (f), dt dt' Ft (j) dj (II.4) 

with I (t): = J F (t - rj) j {rj) drj (II.5) 
/ ö \ r5)3 r̂ 3 ^ 

and » [j(t), m ) : = .?(«)+ d]{t)2 - 3 I ( t ) w + 3 / ( 0 » m ) - I(tf. (II.6) 

Now the representations (II.3) and (II.4) can be directly evaluated by means of the following auxiliary 
recursion formulas. We define 

1 6m 

¥- ( «1 • . . « - ) : - ( . m::.v<M- ( I L 7 ) 

Then we investigate the effect of the application of on certain functionals. 
00 in f 

= yrn-l { h . . . I i ^ L j g {tm) fm (^...£n)j(t!) . . . 7 («„) df „ |, = 0 (H. 8 ) 

+ ( W n + i ) 2 / « ( f i . . . f » ) a ( « » - f i ) 7 ( f i ) . . . ? ( £ / - i ) 7 ( f i + i ) . . . ; ( f « + i ) n n- J j=1 
X d£i .. .d£„+i|^ = o 

= {Hi)g{tm)jm-\(tl ••• tm-l) 

+ SP»"1 (h... tm-l) 2 ^ j g (£„) tn (£l • • • £n-1, «») ? (Il) • • • j (In) df 1 . . . df „ | y = 0 • 

Repeated application of this recursion formula finally leads to 
00 in r 

^m(h...tm) 2 nT g(£n+l)fn(h...£n)j(h)...j(Zn+l)dh...d£n+1\} = o (IL9) 
n = 1 n- J 

m j 

= 2 { 9(h1)fm-l(hs-..tJ. 



The derivation of the further recursion formulas runs completely analogous. We obtain 

^m (h • • • tm) I £ f g (i n+l ... in+v) fn (il • • • in) j (il) • • • j (in+v) • • • &in+v |* = 0 
n=1 ' 

™ 1 (11.10) 
= p 2 g ib., • • • hj fm-v (tl .. • t,J • 

where the right-hand side disappears if m — v is negative. 
Now in order to apply the recursion formulas (11.10) we represent the base functionals Ff(j) by 

Fi (j) = (Sir l ) f d (tl - ii) ... Ö (tr' - £r) j (h) ...j (Sr) d|i ... dir • (H. 11) 

Then the operator representation can easily be given by means of (11.10). We examplify this for the 
operator (II.3). For the first term we have 

ff'OVWqdtFr(j)dj = 

yk(h...tk)$ j (t) ~ ^ 6 (h' - h) ... 6 (tr' - ir) Hil)... j (ir) . . . d£r dt \ J = o 

= y*(h...tk)fj (t) ™ (5 (h' -h)...ö (tr-! -£r-l)Wr-t)j(£l).:j (ir-1) d£i . . . d ir-l d< | j = 0 

= (h • • • tk) Sl\ rd (h' -h)...d (tr' - ir) j(ii)... j (ir) d £ i . . . df r | / - 0 (11.12) 

= r d (tl —h)...d (tr' — tr) Ökr , 

for the second term we have 

$FHj)j(t)I(t)dtFr(j)dj 

= ^Hh..Jk)jj(t)F(t-r])j(r])^-d(t1'-i1)...d(tr'-ir)j(ii)...j(ir)di1...dirdtdr]\j^ (H.13) 

= W(h...tk)S lr\ F (ir+i - ir+2) 6 (tx' -ii)...d (tr' - ir) j (Si) • • • j (ir+2) d|i . . . d ir+2 | j = 0 
k 

= ~ 2 F (*h ~ U 0 Cl' - U • • • « (h-2 - hk) <5*_2,r 

by means of the auxiliary formula (11.10). Now we can easily write down the effect of the operator A\ 
on (pT(q). We obtain by observing the definitions of Sect. 5 

Ar <Pr (Q) = 2 SAr (h • • • t* > ^ • • • lr) Vr (h' •••«/) W • • • d tr' 
r 

k 
= k <pk (h .. tk) - J F (th - th) (fk—2 (h 3 • • • t,k) . (II. 14) 

/•l Xo = l 

The calculation of Crk runs completely analogous to that of Ark. Therefore it is not necessary to discuss 
this separately. 

Appendix III 

In this appendix the construction formulas of Sect. 7 are discussed explicitly. We define the set of 
variables 

K' = gk+i---q2m-k- (III. l ) 

We then have especially for k = 0 the original set 
% : = q i . . - q 2 m . (IH.2) 



Furthermore in all formulas we substitute instead of q^ simply A for abbreviation. Then by definition (7.4) 
the contraction for a symmetrical function s(Iq) becomes 

Pk . . . P i s2m (I™): = js2m ( f i . . . h, q i - h, ... qk - h, V») dh ... dh (III.3) 
: = s\m(lf\\...k). 

When we define the sets further 

l'k.JLI..M: = 1k+1 •••9k + h-l9k+h + l ••• lk + 1,-1 lk + Xi + 1 • • • 92m-k (HI.4) 
A l . . . h : = qh ... qh 

the formulas to be contracted can be written as 

L^rn): = . . . (III.5) 
(Al ...A, 6 /») 

where g(X\...Xi) is a symmetrical function in all arguments. In the dynamical equations (7.5) i= 1 , . . . , 4 
occurs. It is convenient to define further the following expressions 

(m): = 2 9 (h • • • k) slm-iWkh..M i 1 • • • (III.G) 
Ui---h elf) 

Now we are ready to start the investigation of the recursion formulae for contraction. We first consider 
the case i — 1. We have 

2m 
L?(m) = 2 > ( * i )*2m-i (Ci ) (III.7) 

= 9(l)S2m-l{l?,2m) + ör(2m)52m-l(irJ 1) + 2?(*l)«2m-l('u1;1.2») 
h € ^ 

and applying P i to (III.7) we obtain 

P1L°1(m) = 2jg(l - £)8im-i(V»£)d£ + L\(m). (III.8) 

Continuing in the same way by dividing L\ (rn) into the corresponding terms to (III.7) we obtain finally 
k 

P * . . . P i £i°(rn) = 2 2 Sg(/*1 - £) | 1 • • • fe * pi) di + L\(m). (III.9) 
IX 1 = 1 

Now we consider the case i = 2. There we have 
2m 

L\ (rn) = 2 9 Ul h) S2m-2 (ZoVJ = 9 ( 1 , 2 rn) «2 m_2 (IT) + 29(1, h)S2m-2 (l[\, 2 m) 
(Ai,A2)=1 h el™ 

+ 2 9 ( 2 ^ 1 ) ^ - 2 ( ^ , 1 ) + Z g & i , h ) «am-sCTw.; 1 . 2 m ) . (111.10) 
Al 6 (Ai,A2) 6 

Applying P i to (III. 10) we obtain 

PiiS(m) = flri(l)«a»-2(«r) + 2 2 JVU - £ <s2m-2(ZJUI) d| + L\ ( I I I . l l ) 
Ai e 

and finally 
k 

Pk... PiLl (rn) = 2 g1 (/ui) 4m1-* (*? | 1 . •. fc * 
ol(,ei) 

k 
+ 2 2 1 1 9 ( ^ 1 - i , h ) s\-mU(ltx i ; l | l . ,ui) d£ (III.12) 

Ai e / / i = 1 

k + 4 2 J W i v)4m-2(^k',i,v\ 1 +/^i/W2)d|dr? + Z*(ro). 
(^l."2)=l 



In the same way we obtain for i — 3 
k 

//, = 1 Ai el" 

+ fa) ,rl\\...k±iul)drj] 

+ 2 | [ J sym gl (^ - £ | a g " « , (J? , £ | 1 ... fc * ^ /*2) d£ 
hi <"» 

+ 2 2 J g ( p i - £, pz - ri, h) ; £ I 1 . . . A: * ^2) d£dry] (III. 13) 

k 
+ 8 2 J f l ^ i — £' - rj, jus - Q)4m-s(lk ; £»?e| 1 ...fc ^ / ^ / ^ ^ d ^ d e - f 

and for i = 4 we get 

P* . . . P x L I ( m ) = | [ ^ g 1 (Ai A2 l/ii) 11 . . . t * ah) 
/ll = 1 6/™ 

+ 2 2 Jg(."I - £, Al A2 A3) 3; £ 11 • • • fc + //i) d£] 
(.M2A3) e 

k + 2 [g 2 (^l ' f*2) 4m-*(tk\ 1 ...fc +//1/ /2) 
(/'iy"2)=l 

+ 2 2 Jsym gri ( ^ - £, Ai | 4m-Mm ; £ I 1 . • • k 4= ^ //2) d£ (III. 14) 

+ 4 2 J g (pi - £, /M2 — r], fa fa) ( ^ i w . ; £ I 1 • • • fc * / / I //2) d£ dry] 

(A1A2) GIj» 
k 

+ 4 2 [JsyrngM^i - f> /"2 - 1 • * p i p z p s ) d £ d ^ 

+ 2 2 Jg(/^1 — £, — rj, ju3 — q, Ai)s|m-4; I 1 ...fc * ^1^2/13) d£d^d^] 

k + 1 6 2 — £> i"2 — rj, IU3 — — r) 4m-i(^k £ V Q r I 1 ... k * /ui/12 ju3 pi) d£ do d?? dr + £4* (wi). 
Identifying for 

; = i g(Ai) = g(Ai) , « 2 W - i ( C i ) s / r i m + s C K u ^ l ^ i - i ? ) ^ , (Hi.15) 

» = 2 g(Ai A2) = fc(AiA2), 52m-2(CwJ = « p L Ä a J A I + A2), (111.16) 

or flf(Ai A2) = A(Ai) d(fa + A2) S 2 m -2 ( IZ^) = Ä - 2 ( C a ) ' ( I I L 1 7 ) 

» = 3 g(AiA2A3) = Ai(AiA2A3) «am-aWw.a.) = rfm-sffiiw., + ^2 + As) > (HI.18) 

and for 

i = 4 ^(AiA2;.3A4) = A 2 a 1 A 2 A 3 ; . 4 ) S2m-4(l%xM) =<Fim-Mxm) (III.19) 

we obtain the corresponding equations of Sect. 7. 



Appendix IV 

We give here the recursion formulas for Si and Sz appearing in (8.21) 
2 

Si (qx q2) : = J (qi qz) + 2 9 W Pi (9;.! tfj + d (?i ^2) , 
Ai=l 

Sziqiqzt): = l[Ni(qiq*S) + j^gfa) Ptfaq^Wqiq*), (IV.l) 
A, = l 

2 
d(?igr2): = [1 - 2 Patau?*)]"1 , (IV.2) 

i i - i 

Ni{qiq2): = JP(g ig 2 £ , gi + qz - q) [fi(qi + qz)h(q) (IV.3) 

+ Cg{qi — Q,qi + qz) + Cg(q, qi + qz — Q, 0)] do 

+ \B(qxq2Qx) Mi(ß, x, qi + qz — Q — * ) d o d * , 

(qx qzf]): = P1 (qi + qz \ qi qz) Cfx (0) 

+ J M2 (g, qi + g2 — Q — rj) [B (qx q2 rj q) + B (qx q2 q rj)] dg (IV.4) 

+ J M3 (Q, X, qx + qz — e — X — v) B (gi qz , Q, X) do dx , 

Pi (qi qz): = fi (qi + qz) h (qx) + Cg (qx, - qx, qx + qz) + Cg (qx, qz, 0) + Mx1 (qz | qx), (IV.Ö) 

Pz (qiqzrj) : = M2 (qxqz - rj) + ^ ( g | gi rj), (IV.6) 

P3(giqz) : = C/i (0) + M\(qz), (IV.7) 

C : = j h ( i ) d £ , (IV.8) 

2 
Mx (gi qz ga): = 2 t r t o ; qx,. - g*) /1 (gi + g2 + ga) A (qh) (IV.9) 

Ai = l 
+ CP(g3 ; g* , - g;J g (qx,, - g*, gi + qz + ga) + C P(g3 ; qh, qz + g j g (g^, ga + g * , 0 ) , 

i¥2 q3): = Ax (qh g3) fx (ga) + CP(g 3 ; qx,, ga + ffj fi (0) (IV. 10) 

+ JP(ga; qx, f ) / i + ga - £) Ax (£, qh + g3 - I) d£, 

M 3 (qxqzq3 ,y) •• = 6/1 (g3) Ai(giqzq3 — 77) + g(qiqzqz) A2(qx + qz, q3, rj) 
2 

+ 6 2 [J ; g;.2£) /I (g;.2 + ga - 1 ) Ai (g ;,, g.2 + g3 - I - 1 7 ) d£ ( iv . 11) 

+ JP(g 3 ; g ;.2l - qx,)g(q>.„£ — g v gi + qz + g3 — I)-42(f, gi + qz + g3 — f , rj) d£ 

+ P(g3; g;.2 rj) fx (g^ + g3 -»?) (qx,, qx2 + gs - »7)], 

-41 (gi qz): = 2 Ä (gi) + 3 Ä} (gi | g2 ) , (IV. 12) 
2 

-42 (gi g2 f ) : = 2 [2 Ä (?1 - I) + 3 2 Ä} (ĝ 2 - 11 g ; J ] . (IV. 13) 
Ai=i 

All the other definitions are given in the preceding Sect. 9 especially the definitions of 

hi (qx qz qz), h (q) and g (q) by (6.8), fx (q) and /2 (qx qz) by (9.6) and g (qx, qz, qz) by (9.8) 



Appendix V 

In this appendix we discuss the singular functions 
G and F appearing in (6.8) and all derived equations. 

Defining 

Ö W = ( V . l ) 

then from (3.3) follows for G' 

G'(p) = [p* -3F (0) + i e ] - i (V.2) 

where the small imaginary part effects FEYNMAN 
integration. 

For the two point function F we have the defi-
nition 

F(h-t2) = (0\Tq(t1)q(h)\0) 
oo 

= 2 |<0|g(0)|w>|2e- l '£U"l' l-'2l 
n=1 

( V . 3 ) 

with a>n= : ( E N — Eq). The F O U R I E R transformed F 

F ( t ) = - ^ $ F ( p ) e - W d p ( V . 4 ) 

then gives 
oo 

F (P) = 2 11<° \9 ( 0 ) | |:2 2 •ICON [ V2 ~ COL + • e r 1 • 
n = 1 ( V . 5 ) 

F itself can be calculated selfconsistently by the 
calculation of states of odd parity. W e do show only 
the lowest approximation. In this approximation 
we put 

Fapp (p) = 2i|<0| f f(0)| 1>|* co![p2 - cof + te ] -1 
( V . 6 ) 

because we know from conventional quantum 
mechanics | < 0 | q(0) 11 > | > | <0 | g(0) | n ) | for 

n — 2 , . . . , o o . From the commutation relation be-
tween <7(0) and p(0) follows exactly the sum rule 

oo 
2 2 c o „ | < 0 | ? ( 0 ) | w > | 2 = 1 ( V . 7 ) 

«=1 

and approximately 

K 0 | < ? ( 0 ) | 1)|'2 2 a > i = 1 ( V . 8 ) 

and from this 

Papp(p) - i[p2 - (oi2 + i e ] " 1 . (V.9) 

Further in this approximation follows from (V.3) 

P a p p ( 0 ) = | < 0 1 9 ( 0 ) 11>|2 = 1 / 2 ( 0 1 . ( V . 1 0 ) 

Therefore in this approximation we obtain 

G'(p) = 
- l 

(V.ll) 

and we have to calculate selfconsistently only 
the root coi but no matrixelement. For this cal-
culation we consider the lowest equation of states 
of odd parity of (7.2). It reads 

n (co) = G' (co) J > i ( ( o - | | £ ) d£ (V. 12) 

if one assumes the center of gravity condition to be 
fulfilled for cpi. From (V. l2) follows 

3 Ji(fi>) = J > J ( f t > - f | f ) d f ( V - ! 3 ) »2 _ 
2 a>i 

and assuming and all higher (^-functions to 
vanish we have the root 

CO = (Ol 
V 

1 . 1 4 4 7 . (V.14) 

From this root all interesting constants can be 
calculated, for example a — : j /3.F(0). 


